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Formalization of C.T.Yang’s Theorem in Coq

YAN Sheng, YU Wen-Sheng, FU Yao-Shun

(Beijing Key Laboratory of Space-ground Interconnection and Convergence (School of Electronic Engineering, Beijing University of

Posts and Telecommunications), Beijing 100876, China)

Abstract: It was a wish for Academician Wu Wen-tsun to mechanically prove a class theorem in topology. The C.T.Yang’s Theorem
includes many basic concepts in general topology, which has great significance for understanding essential content of topological space.
The C.T.Yang’s Theorem is an important theorem in general topology, which states that in any topological space, if the derived set of a
singleton set is closed, then the derived set of any subset is also closed. Based on the interactive theorem prover Coq, this paper presents a
formalization of the basic concepts in general topology from mechanized axiomatic set theory, including open sets, closed sets,
neighborhoods, condensation point, derived sets, and gives a formal verification of the corresponding properties. Furthermore, a formal
framework of topological space is proposed and the formal proof of C.T.Yang’s Theorem is realized in general topology. The proof code
of all the theorems is given without exception, the formalization process has been verified, which reflects that the formal proof of
mathematics theorem has the characteristics of readability and interactivity in Coq. The proof process is standardized, rigorous, and
reliable, and the formal proof of C.T.Yang’s Theorem is a profound embodiment of general topology formalization.

Key words: Coq; formal proof; axiomatic set theory; general topology; topological space; C.T.Yang’s Theorem
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THFRAS 0O B, B e FEML AR R A\ T8 RE LR B0 (IR 2R B, 52 B3 1)z eyt

Ko 5w B AL SUAGIE B, U5 4 SR BE B F S HURL S (R AR R, R IR B B T B Coq* s
Isabelle/HOL) . HOL Light®™ &% Mizar UM B, A T KE MR, 2005 4, FERRFELTHENER
Gonthier il Werner fIhHiIE T Coq 25t T % 4 MDY €2 B i AL IE BT #E1, Gonthier 25 A X453t 6
ES T, T 2012 4 58 B <A BR B 43 25 58 2 (0 7 s BRIF (G IF B I AR 2976 4 300 A8 AT 15 000 4% 58 2,
#3170 000 1T Coq fLi%)!'>13). 2015 4, Hales 25 A\ % T HOL Light A1 Isabelle/HOL 45 5 B iiF B #8 52 5% 1 % “Kepler
R R IAETY, 3R — R 5135 4 B X A sCAKE B A S8, A6 13 4% bl il B 4l B T BL 7R 22 R R B
Wi H 25 38 511,

Wiedijk 7ESCHR[16]HF8 H, “Bz=pse BRA T 3 Far: 8 1 ORAIGHT 3 e, WA EEeE R LR
Y CLATRAY 5] NBCEFUER] D732, 86 2 OO 19 2R o8 45 N 5] N Pas $i0ae 77 1 DL Ja ok 1) B8 2 48
£, 583 YORE ST IEE TR R B U £ ERE M LT S A B 4 BRI 58 AL Godel A5E %
PEE # Jordan #h 4% 2 # | Z 4 B LA K Fermat K58 BLAETE Y1 100 435 4% £ 2 B vH AU S0 IE . A
KM ANIE S T Wiedijk T A0 H 1 100 /S35 42 K0 o BAE 44208 BOE B 2% R I s g o, B TS Rk
I0AE 97 4>, H A, Coq SERIIA 75 A, Isabelle 5E A 86 4, Mizar SE R HIH 69 4. KZH EFAZEEZA
TE B W] 38 T HET T IAE. 2002 4F, JEIR 24K IR Voevodsky! A Gowers?Y; 2010 4E 3F /R 24 #3152 Villani
WRIME SR BAMEHE, AT M5 HH IR AR A 5 2, 1 v S AL Bt 5 46 2 4 W s B i 2
UEBI I B, AR 00 R TV R B AN I 3 K (0 B2 2 v, T LA B0 K R e — A ok S D [
T 5B IS B03% Buzzard TESIHFA IR0 — B & L 3RoR: IEU2& — PR @ bR, BATA T BERHRE
Bl —FE AR, 120 DLEAAT R EANLES. Gowers 7ECHA[20] 48 tH: “21 th4l, THE LRI & 2 1) f2
PR E ERER, BB ECE I RB O SR SO, THEALE A AT AR R RATIE AR S, R
e “2099 FZ T, BANELAT SERT A EE RS, BN PRR AR RENER. MR TR E L8
ff ANZ L b ) — U4 S, 1987 ARETR IR R 2005 4R R DL/R 223K 15 % Lax>' K, “mrdi vt SBHL0 T 5 %
22 AR K S 1 5 ] DL B G e R SO R BB X AR s A LR, A, B ATEN BT
F, HEG R, W R EAUS I IR, X IER B

SCELR A1 5 B AL E B, 2 R 0B B AR AR . M T e O K — R i i 2 R
MR, WHAZI ARG I 2 A G B . R, Wi AR SN E Y B
23 (A A A BRI SN IR, R MR R I — AN E B . i T F R R ILTE Kelley 14
# (General Topology) i, J& i A ¥ EF M EIET 20 e 50 EAUER Kelley 2 31— 4f $h 21 15 3
(1200 AT H 2 o0 3B A SSOR — B S S &R, S 18] R I B T DA A 2 B B S SE A Y, o
W rf AR SN AN R BT, < MNEE I S HN AR RN AR B VE R, 64 b R s
RIFH R T b S M R 5B AR R R, ZEHEEE TS AE®R, MR s i e 7
SERRCOL oAb, B SR AR S B S5 N AR RO 0 2 ) 5 T A 5% H SRR, A A — A A 1] R B )
BRI 23 8] AR 40 W 40 2 18] S RUBER 4 b 2% )i A8 5 Ok R P82 ek A A b, Wil e B E) Tk —
A0k R

A7 R e F A HLEHIE B, IR EOR 2012 F4E S AR F@MAE H AL SO, BT Isabelle B RS
BT HIBRACIGAEDY. 2021 45, M PEA S A LR, ek, EREET (hEBZE) P9 AR TLH
BB SH B TR Coq, LU EIE I IIHLZHIE. ASCIEE AR A AT O 2T Coq & HLIF A AR 45 H
T Morse-Kelley 2 FEALAE & 18 HLERIE BA R P2RI 40 M 36 at O ML 38 B R 4012, fE b 3Emt b, Al 5 (8. Pefdisth
SEI AR B2 AR B R RO 1 25 A8 R T SR .

A SCAE Coq A2 FEATE B a4 vt — M 4127 r (10 4 0 2 BREEAT HLAIE D, EEAACIEW T 3 ANy

(1) XHESBTE. 26, BaRK B I L. B BESEAE L. R LES IR G

AT A & S5 5
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() XIS M. WL BERA. SESRIMES TR AR, 58 4 8 R S, Jf
B AR R SR

(3) Ak A S IE R B OS5I B, SEEA A5 TE E B AL AR IE .

Horp, ERE)ITIH - 55277 1RO A A 55 TE e BOR SAGUE B R S Al s b, O TSR
i 52 FAE U S LR SRR SHLEIER, & EAENLES LS R OT A PAR L AL BER
AR S, g AR A R AR . PRIk, AP TR — R A s R A R B AL, FIAT Coq
F PR DU AIE B SR, 0 T AT LA S8 R — HEARST L AR HR A B LEHE . XA ERE, M EIEE
BEALAAE IS, AR EH — I I F RGN — A FF 4R,

ARSI T Coq I iEIH 2 B SUALIEW], AxEfs| B, s AR 72 84t Coq TR VAL IR FIAL
FAEHIAURD, JFEE T Coq & HLUEM] S A A I0AE, AL T 2T Coq % E AL GIE I HAT Wik, 2 H
PEAVE BEPE IR A, HOEMIE RV P TR, A E E B AR A IE WY R — A b 2 s A A R —
MNRZIEBL, % AR N4 5 R G S BURER SR 40 A B 1T UM i B35 1 S

ASCH 1 I RURAN G BAEBI A8 Coq Je— b4 AR sV R AR, 5 2 178 30k 8 SOFIRAIE B Ak
B, LR PR SANER. 5 3 T RN EARE S R SR, e R A A 8] B e
FFIRUEAR SR T, 56 4 7 52 B SC B G 52 B R SNAGIE . 38 5 99 8 45 4S04 AR OGTE i

1 IR

AT € IAE A8 Coq K — M4 4 5T 204k I AR 26 TAE.
1.1 EIEUERAZECoq

Coq &M H R MG %I, T A SHEEEF. Coq it dr 4 L F BT M S, 7T LR M EiE &
AT BN HEEL. Coq H AN AY JE T RS RIHE S P R FAE LAIME, BT RZHmiR
FEF BEHE 5 i3 2 sg 0, Coq 45 — oK (M BT R AL, L RFITIR.

SE B BB T B Coq EHMEHRAYRAE /7 M A # KR RIERE ), MBI I, $0AT 77 SR ARAE B, %I
HENLSERE IS, ) ERIEE, SHE R E RS B AR FZ R ISR, Coq MIFLTEIE 5 2 Gallina 15 5,
AR E AT DLW AR R TR R 2R SRR R AT R IR

Coq FHEA JF B T HIE S, H R Coq H EE B 2 B S O B Sk B TR g s i S BT, oK
Wy TSR R IHE S a2 E UM, EEH Coq MdfErd, DAZ0E F T Har 4 RG> 3.
KA Coq & — a8 BRI EE, FF SHL8s 2 R LLAMNLAS B 5 R — i — & 347 FE 7 R 09, P AE
f A FE A TT DA B e, DA A5IE B R R R B A R A B R I 48 TR,

TR AR R, 7R B — 5 (WA B SR, 17 1IE B SR I & — 4% 1T A 7E Proof(iiE B3) Al Qed (IIF HE) 2 [H]
184, CRAEEF R ER . B AR, 5] A — 2 COIE B R E B, ORI E RR S R N T R B
T HFRE B A% A AR, BN, Coq Fo ¥R 8 Ltac iy 4 78 SUHT HOAIE B g, X e & 1) SR i v LA 3 )5
THI P TIE BA O R 4 S v R IA, 1R T RGN H SR, X MR T e HAF A #E Coq MU REME. ASCHTH
FIMFRAVE LR 1, BVRAIANE 248 4 1) Dh g nl WL SCiHER[4-6].

# 1 Coq#HE4M#E

Coq 164 ik
intro/intros SIN BRI — A2 A %A
destruct 553 %A Hp AT B R S 481 A A7 A B 1]
assumption ST NS s R N RE RN INE 8%
elim F T VAN B 1) T 25 0F B S g
apply I — AR v B E
eapply apply f7E R, WTEEG with 484 F30°8 apply & 2 &0
split Syl = R CIIHES G
exfalso #2457 B b8 R False 287
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#® 1 Coq TG4 MR (5L

Coq 84 vk
auto [ h 2 AT assumption. intro. apply %% 5 H%
eauto H 3 2 AT assumption. intro. eapply 5 5%
tauto T i AR L E BhIE B S
firstorder — P 4 1 B B e
left/right 2 H AR T B, 45 BT A /A A H AR
rewrite FHERHTES
exists 8 58 FAAE B ]
pose proof Fa CEUFE U 1 A 5N B S A
generalize I BT a2 H b
assert/cut T B AR
subst FEEM PR ESHNENR, FNE D% S H 7
unfold JEHF—AE X
repeat TG BR B 5 F SR I 3 R ek 58 4 R )

1.2 —RAIFR XA IAR

58 A R TE 5 BT AR B, FRATE Se 7 B G AN A R AT TR A . AT R A — R A
TE AW TR,

X F— BRI T AL 7, B WA EF — 245 2C T/E. Schepler 7E Coq B W STk A 45 th T — Mtk
AN E, SRR EAMSOTE. AR, B5FRE)MEREFRGESM. 28, B8
PR AR, LU Urysohn 51 BRI Tietze 375K 52 B 25 3% 44 52 FRAUHL A UE DY, ZEEF Coq M — Mt #h 2
AR R . A, Princeton K% FEAEEUH T4 T — G5 NMHELL S0, BT
] 03D 1) e B s ) S M O TR XA ik ),

7E A8 F 52 BEAIE W 28 Isabelle 1 #1 #h 227 AL T T, Holzl 25 N TE SCRR[36] 75 K T — e 4 FMBE & A 3 2 1)
7% Ak K. Gammie 1 Gioiosa T 2017 44— ME4h #5231 “Kuratowski + P04 52 B3k 47 7 AL A IE BE7.
Kuratowski —+ U 42 52 5 b R0 52 B —HF, #0240 $h 25 18] o 35 4 i 2 B0 B4, Friedrich tHSZEL T — 46 46
LR AR, TERAIER T I3 1R 2 B AR G R, JE R B T LList $h 3 R4

P B B R Z B B TR AR EEE N, BRI — N EEEE, R EEA
I TAEY RS R BB e 2, B RN TE SCHR[24,33] 45 T 25T Isabelle (1947 008 & #E GIEH. AT
HT Isabelle 47 /008 & B K AAE N — RAGHhZh T REA SR AN B AR NEENE L, £
X A7 KT8 5 BRI AL B B —Fh oA 25 254K, i T AR BRI 48 1R 2 SR ER [F), I BLIE I 45 A AN REAH B
L) Bk, T B Coq A7 T8 5E BT T AR B2 T3 L BT,

2 EmiZEMESLrEAL

HIRRIAH MR, — BRI ERIE AT ELLAE S RN, FL L, Morse-Kelley A #
WEES IR R TE Kelley 1443 (General Topology) A PAPft % AT 2 IE 20k £ ). Morse-Kelley A H L4
BWANEAE RS ) MK, KHLRMA AR, iR RRIE X H R G B — A 50, A3
T AR, BOE 0 R AL AR A 1 B0 S T R SR B A (.

AL Morse-Kelley APV G BHLAUE ARG H &, LLAE &30 AT K 2 0 SCHR 411 10— P b 2 2 ie
HERAES, NAHRESGRH—RIEAMRHT R, BIONEREEREAURAN T TANE, DXH
AT 58 T AR B B ST O PR, AR BAR S Coq AR5 B S7 1 0 5 e v

G b R4, @id Notation Fa2 NI T — L4 22755, LUELF T A A0 I8 5 0F B 3 72 58 hn e
HHFES, WSt GFEERS VRRMER, “DERALL; BEFSVERITRA, A FRE
WA, “RREBEIE; “>"RBES, " RAEN, BEAYPEEING S =RRET, RAINET, ek
IRJE T, P\ RO R TER P K.
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A, EERERUARGEHFE - AIVIZEZH. Coq ARG RAMZE X ZHE, MIMEEZHE, 7
s, Herp R A ROLI. ERASCH TAE R E b i, —F 72 WA Coq P Classical FESEHL. v 74
SCARRG I B 3, AL A BT T, H Coq ARSI

Axiom classic: VP: Prop, Pv—P.

FIH L 3, W] shas AR 5 45 72 di i)« B BB iR 1B 7 AR, NS SERIE, 153 BB HU) Coq ARG
IR BN A UE SR g4, [Rth, A SCR A IE R LA 2 B SO B R R, Bhah, MHER R AT HE
— e A A R, SO T R ] S A A A Coq ARUBS NF:

Proposition NNPP: VP, (—(—P)<>P).

Proposition inp: VP Q: Prop, (P<Q)—>(—P—>—-Q).

AL GMAFET Coq MR AT X TAE &R X B H e RGP ESMIT R RIELR, ARG 4
G MITR MBS Class, 1E Coq JEAARAR A Type KA KR, TEAfAidan .

Parameter Class: Type.

REGER 1 =5 H A E DU Hb, A PR HEAH I

o HINEIIR e, BHERT”. HTZRAARSESAITTRWAER, WS —HH Class BRIER;

o B2AHEIURC{ L, BERECYTE.CIEMS. Y, e R R,

PR O B FF5 AIS F R i

Parameter In: Class—Class—Prop.

Notation “aeA”: =(In a A) (at level 70).

Notation “agA”: =(—(acA)) (at level 70).

Parameter Classifier: VP: Class—Prop, Class.

Notation “\{P\}”: =(Classifier P) (at level 0).

THIFEATS H Morse-Kelley AFALEA R E BT AR R M FEAE L. FETZE, 23K, &5, faZk,
BE. BRI X ES RTIE. BRI, KR BE)E LR

Definition Ensemble x: Prop: =3y, xey.

Axiom ExtAx: VA B: Class, A=B«->(VX, xe Ac>xeB).

Axiom ClaAx: Vx P, xe\{P\}<>Ensemble xA(P x).

Definition NOEmpty A: =3x, xeA.
Notation “@A”: =(NoEmpty A) (at level 45).

Definition Empty: =\{4 X, x#x\}.
Notation “@”: =Empty.

Definition g =\{1 X, x=X\}.

Definition Singleton x: =\{4 z, Xxe u—z=x\}.
Notation “[x]”: =(Singleton x) (at level 0, right associativity).

Definition Included A B: =Vx, xe A—>XxeB.

Notation “AcB”: =(Included A B) (at level 70).
Axiom SubAx: Vx, Ensemble x—3y, Ensemble yA(Vz, zcx—zey).
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Definition PowerSet X: =\{1 A, AcX\}.
Notation “.(X)”: =(PowerSet X) (at level 9, right associativity).

Definition Union A B: =\{1 x, XxeAvxeB\}.
Notation “AUB”: =(Union A B) (at level 65, right associativity).
Axiom UnionAx: VXY, Ensemble X—Ensemble Y—Ensemble(XUY).

Definition Inter A B: =\{4 x, Xxe AAXeB\}.
Notation “AnB”: =(Inter A B) (at level 60, right associativity).

Definition Setmin A B: =\{1 X, xeAAxgB\}.
Notation “A—B”: =(Setmin A B).

Definition EleU .: =\{4 z, 3y, zeyaye..\}.
Notation “U.””: =(EleU .») (at level 66).
Axiom EleUAx: VA, Ensemble A—Ensemble(UA).

Definition Elel .1 =\{4 z, Vy, ye..—>zey\}.

Notation “n../”: =(Elel ..») (at level 66).

MBI A DG E LA AT, AL, JEMRM AT A BN IS 18 5 BE I AL A5 IE B 2 00 75 1Y,
NT eI A A Morse-Kelley AFRfAR R, FATTES X LI T A ARS.

Definition Unordered x y: =[x]U[y].

Notation “[x]y]”: =(Unordered X y) (at level 0).

Definition Ordered x y: =[[x]|[X|y]]-
Notation “[x,y]”:= (Ordered X y) (at level 0).

Definition Relation r: =Vz, zer—3x y, z=[x,y].
Definition Function f: =Relation fAVX y z, [x,y]efA[x,z]ef—y=z.

Definition Value f x: =n\{1y, [x,y]ef\}.
Notation “f[x]”: =(Value f x) (at level 5).

Definition Domain f: =\{4 x, 3y, [x,y]ef\}.
Notation “dom(f)”: =(Domain f) (at level 5).

Definition Range f: =\{1y, 3x, [x,y]ef\}.
Notation “ran(f)”: =(Range f) (at level 5).

Axiom RepAx: VT, Function f—>Ensemble dom(f)—Ensemble ran(f).
Axiom RegAX: VX, X=ZJ—3Y, y eXAXNy=C.
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Axiom InfAx: 3y, Ensemble yADeyA(VX, xey—>(XU[X]) ey).

Definition ChoiceFunction c: =Function cAVx, xedom(c)—c[x]ex

Axiom ChoAx: 3¢, ChoiceFunction cadom(c)=p—[J].

TSR %A FAR R ARGE T E AR AN RO R, SR T ROV BRI SR X
Ensemble F143 2K A FE ClaAx X T BRAM R & 16 b 0 B HZ R0 2 e 2 B A B b J 31—
e AR HE WY A2 b ANTT 2D .

B R A ST ORI L R 1 5T 2 B 1, 3K B A A R 3 T B IR ML AR W A v 2 e B A A
fE Coq RV Fact MBI EM, ATC 58 M Lt 57 (178 ATk, 5848 ARSI SC AR R L https:/github.
com/BalanceYan/CT.Yang.

NS RS R BT Coq TSR,

o EERIMENT: ARMENR T RMIB R, AMET TRIE G ZE LR E o BEN,; FMAET

TRIERIET R

Fact EmptyNI: VX, xg J;

Fact EmptyEQ: VX, x=J->—(®X);

Fact EmptyNE: VX, X2J<->@X;

o FUREOVERT: AR(TARR I AR EAEER y R x M SRR, 2K x 53Ky AR

Fact Singl: Vx, Ensemble x—xe[x];

Fact SingE: Vx y, Ensemble x—ye[x]->y=X;

o AETRFHBGHERME. IR RALHE.

Fact ReSyTrP' VA B C, (AcA)A(AcB—-BcA—->A=B)A(AcB—»BcC—AcC);

o JF. A ERXIMEARBHEAREME. THME. SHECH K De Morgan HAEE T

Fact Idem: VA, AUA=A;

Fact Idem’: VA, ANA=A;

Fact Commu: YA B, AUB=BUA,;

Fact Commu’: VA B, AnB=BNA;

Fact Distribu: VA B C, (AuB)NC=(AnC)u(BNC);

Fact DistribuLl: VA B C, An(BUC)=ANBUANC;

Fact TwDeMorgan: VA B C, A—-(BNC)=(A-B)U(A-C);

o JF. AR EX3MIBHETREHE L TEAME.

Fact EmUnion: VA, AUZ=A;

Fact Eminter: VA, ANZ=;

Fact Setminld: VX, X-X=;

Fact SetminEm: VX, X-@J=X;

o JF. R EX3IMBHEOTRAGHE L NEAME.

Fact TwSetmin: VA X, AcX—>X—(X-A)=A;

Fact IncludP: VA B X, AcX—>A-BcX;

Fact IncludP1: VA B C, AcB—>A-CcB-C;

Fact IncludP2: VA X, X-AcX;

o HIKHITHIZ 5K MICHIIFHE ) De Morgan .

Definition AAr A .: =\{4 z, 3Ar, Are . Az=A-Ar\};

Fact DeMorganUl: VA ./, Ensemble A— o #J—(A-U.)=N(AAr A .)).
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2 AN T AR R ARG R — R B S Coq IR . B ORI
K2 HARARGHEHEME

Coq ik et i X EZNEY
Empty e Xg&D; Xx=D>—(@®X); X£D<>@X
Singleton X X FRJE xe[x]; ye[x]-y=x
Included AB AGETB AcA; AcB—>BcA—»>A=B; AcB—>BcC—>AcC
PowerSet X X 1% YeP(X)>YceX
Union A B A5 B K+ AUA=A; AUB=BUA; AUD=A
Inter AB A5 BA ANA=A; AnB=BnA; AnD=0
Setmin A B A5 BHZE X=X=J; X—-=X; AcX—>X—-(X-A)=A
EleU/Elel ./ [TCHIFE/ /#D—(A-U.)=(AAr A )

3 RIMEABZHIREAMK

Fa A AN 1% 304 2 4 5008 s B AR E B (0 5, X — 906 5 T @ BUE 3 98 Coq 45 IR N EE AN
R R, EETTER . A3 SR B AR S5 A & S xR o ) R A R R SRR, Dy T SE i o B

i PR PR AN TR A A Y, A T A0 R A R A ) SRR R A TR (R ), I AR X R A
AN FHER N J Coq FEATEIR I B F 2 #5 B,

N T E T R B R85 v B AR BV T ) B e S B, R SO S g A G B N LR IR, JF DL E B

CEH 3.2, LB RARIE; B4 Coq RIS RIHEIA, H Theorem3 1. Theorem3 2,...JXFEHITE R KFER;
Eiﬂiﬁ’] Coq 1EEE4J:E%TJL/)?I# S PN UE R T o B B 1 51 38 AR A B AT AR 5, DAL B BixT
LS8 B (4 5 AT I iy 44, W1 LeTh3_3 R R A& & #E 3.3 (158 1 >3] #E.

AT RN B TE E AL IE W B Bl TAE, Sohan T EE L R, I R E R AR, B
AUE B AR R AOR, IR, RESCHFIH, PEGH I UIE BT R AT 0 ARD IE A
3.1 thib=EEFENEAK

Wb EE AR Z M, BRETE. ME. S8, Aa. A, GREIE, W TR
B . ERINE R R R B B, fEE %R Hausdorff FIFH AR A e L T HmIb . w2 HEx
Kuratowski F| A A B E LT 426, BERINMFIARRE, AMIRIL R 2 R 32518
Z IRV ML R SR 1, S LT SR R R 0 s e g 1T B S M A Y T RLPOL DRIk, AT AR A B EEAT $R 40 2 1]
S ST 8, 2R R I 5 SO AR R e T A O B A B AT IR b A i s U AR S S k41
R A S TR R S — 2R, R I T AR 4 4 2 (R AT e

EX 3.1 WX NMES, - X7 HER R e T &4

1) X @er;

2) #A,Be, Nl AnBe./;

3) &H e/, Murqe,

MFR o7& X —A 3.

W 5 X =AM, B X, )R — AR 0], SRS X & — X T4 10 5 4=
6], B At SRE LR SO B W T AR N, RRED X AR AL Ak, A
TOER AR AE b2 1 (X, 0y (B X) i — AN T EE.

Definition Topology X ./ = . AX)AXe. /A e /A

(VA B, Ae. 7 >Be./>ANBe HA(Y 1, 1./ —>U. 1€.7).

}Mfa%hllrﬂEﬁ%XTuﬁMuTéum (1) A X ARG RIFH; (2) FHERIFE; 3) I ERPTER
PIANTTER A R TT B, i ATk — 2B HE pdh 4 2 A AR R IRAN TR N ZE 2 TT 48 (4) 3R 4h 78 (B AR B JT SRk
fIIE R ITAE.

T BB EL T Coq MFRFH S MBI, FRATL H— S4Bk G B B . X TR RS X, &AM

© TEBREEEEIEDT  htp/ www. jos. org. cn



2216 AR 2022 55 33 A5 6

MR IR, — DA T HEE X ARG HMOHFRERSD, H—DEEH 08 X KA THRIER
Padh. FEIX L, FRAT 4 1R R AN AR O 0 S e ATt e A b A 1] T A R R R

EX 32 WXR—NES, HXMTEER =X}, WK 2 X A1

Definition Ordinary X: =[X]U[J].

EHE 3.1 W A X AP, WX, ) AR

Theorem Theorem3_1: VX, Ensemble X—Topology X(Ordinary X).

EX 33 WX RDMES, &7 XKTHEE =AX), WK = XK —NEEdh .

Definition Discrete X: =7(X).

EH 3.2 ¥ o X B DMEEIA, WX, )2 — A .

Theorem Theorem3_2: VX, Ensemble X—Topology X(Discrete X).

KT M E BRI A 2B, £E X MR BRI EIHR 2002 R T X 5
KBRS, RILES X B8N aE-Fnh RS TEB0 I, S sm st rE— 748
AT, BUAh, A G0 BEAS J& ~F o 7 A) SO B B s 1) L A B AR 723 1) B mT #50b 2 [A) S5 Ap Sk i HR 4h A5 1), 20
W ATRR, X AN ——F1%, BOS MR B AT 5 T AR R GAE Coq o0 R vk B AF it — 22 IR R S 96 IE.

3.2 PEAIREAK

S A A -y B — A, AT LR E SCIR AR ), AT BRI R E S A 7 [A) o A AR S
R AE S, R R IRA L M SCHER[41] 7 A AR A ZR 4 H 4 1 2 8] p A3 AR R BT AR R LS HE AR
YRS, JR45 X BRI Coq AR HIA.

EX 3.4, WX, )M, xeX. MR U & X B—DT2E, e %t FE NI Ve, (113
xeVeU, AR U & x B — 4RI mlx BT SRS B X 7R IO i x B4R R, &3 I ik U o
BEH A X DI, BAE—ER x B, T2, AT U S x B — A TR SR

Definition TNeigh x U X .7z =Topology X .- axe XAUcXA3V, Ve s axeVaVcU.

Definition TNeighS x X .7 =\{1 U, TNeigh x U X . A}.

Definition TONeigh x U X .-z =TNeigh x U X ~AxeUAUe /.

ME 3.4 7T LIAG ARSI AN B AP 5, AT AHEIR T 30AE Coq Hh i DAL 3.

IR 1. RIS A X TR, —E R A x AR

Corollary TNeighP: ¥x U X ./; Ensemble X—Topology X .. —>xeU—»Ue. —TNeighx U X /7

HIL 2. AR — MNP — NS T E TR

Corollary TNeighP1: ¥x U X ./, Ensemble X—TNeigh x U X ~ =3V, TONeigh x V X ~AVcU.

EHE 3.3, HANEN X —AFHE U RFENR S VDEFMR U R ENE— Sk, B RZE xeU, UE
& X AR

208 BRI R o R E AN A5 AR MEE S TR A T B R R R S

Lemma LeTh3 3: VU, U=U(\ {1 t, 3x, xeUAt=[x]\}).

EW E I 3.3 W FBEMIES N x fFE—ANTFHE U, @il i T e ST HE:

Definition Uy x U ./t =U\{1V, xeUAVe sAXeVAVcU\}.

ER 3.3 AR T poR, @it 513 LeTh3 3 g X Uy, W PA5E BLZ i B IAE B

Theorem Theorem3_3: VU X ./, Ensemble X—Topology X ./ —~UcX—

(Ue.soVx, xeU—>UeTNeighS x X ).
SETE 3.4 WESE 1 A3 AR i FE A o
FHE 34 WX 2RI, A8 Ul s xeX IARIER, MG

(1) XFAEMT xeX, 420, FHWR Uer, W xeU;
2) WmHE UVes, N UnVer;
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(3) R Ues, FFH UcV, W Ves;
(4) W Uesn, MAFLE Verdii 221 () VeU; (i) X FAEM yeV, fi Ve,
Theorem Theorem3_4a: Vx X ./, Ensemble X—Topology X .. —>XxeX—
TNeighS x X /=A(VU, UeTNeighS x X ~—xeU).

Theorem Theorem3_4b: Vx X ./, Ensemble X—Topology X .- —>XxeX—
(VYU V, UeTNeighS x X 7=V eTNeighS x X ./—>UNVeTNeighS x X ./).

Theorem Theorem3_4c: Vx X ./, Ensemble X—>Topology X ./ —xeX—
YUV, UeTNeighS x X v—>VcX—>UcV—->VeTNeighSx X ..

Theorem Theorem3_4d: Vx X ./, Ensemble X—Topology X ./—>xeX—
VU, UeTNeighS x X =3V, VeTNeighS x X ~AVcUA
(Vy, yeV—>VeTNeighSy X ).

33 S&EMEAK

A M B R R E U R AR E L

EX 3.5 WX MAINER, AcX. 1R mxeX FEALEIE U B#a Ah 3T x B, B UNA-{X})20,
MR X R E A B — DR SRR L SEA A BIPT A BER SRR SRRy A IR, 1208 d(A). aiR
xeA JEH x A2 A BRER R, B ARAE X B — AR U, (873 Un(A—{x})=a, TIFK x 9 A i) — AL .

Definition Condensa x A X ..z =Topology X ./ AAcXAxe XAV U, TNeigh x U X s —UN(A-[x])=Z.

Definition Derivaed A X .7z =\{1 x, Condensa x A X . \}.

ME 3.5 AT LA H AR A EAVERR, JRATLUEIR T 2UFE Coq HHmEA 23K,

#iL 1 R ER A TR SEC S TR AN,

Corollary DerivaedP: VA X ./, Derivaed A X ~cX.

HIL 2. WX AR, CeX, A xeX Hx A CHIEEERE i, M xAH —MEBIRU, 515 Un(C-{x})=2.

Corollary DerivaedP1: ¥x C X ./, Topology X ./ —CcX—>XxeX—

xgDerivaed C X . —3U, TNeigh x U X /AUN(C-[x])=D.
JEBE 3.5 MEHE T AR AE .
IR 35 W X MR, AcX, NA:
(1) d@)=2;
(2) AcB Zi% d(A)cd(B);
(3) d(AUB)=d(A)ud(B);
(4) d(d(A)cAud(A).
Theorem Theorem3_5a: VX ., Ensemble X—Topology X ..—Derivaed & X /=.
Theorem Theorem3_5b: VA B X ./, Ensemble X—Topology X ~—
AcX—>BcX—>AcB—Derivaed A X o cDerivaed B X /-

Theorem Theorem3_5c: VA B X ./, Ensemble X—Topology X ..—~>AcX—>BcX—
Derivaed(AuB) X ~=Derivaed A X ~UDerivaed B X .7

Theorem Theorem3 _5d: VA X ., Ensemble X—Topology X ./ —>AcX—
Derivaed(Derivaed A X /) X .scAuDerivaed A X ..

BeAh, BER ML A V2 AR, tean: FEEEUSE T, A A TR BER A, TR R
[ PR — DT EEK SFER R TR, RLEPEFTA AT IAE Coq trik— BAE R AL RAE, LIRS $h b2 1Al
2§ TS RIN S
3.4 &ML

VAR AT LA B 10 BEREAT 5 3C, T DUELR T4 R 4T 5 SC. AT R F2 I SCRR[41] 70 PR IO
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HEAT 58 L.

EX 3.6. W X Z—MHIZNE, AcX. WER A WE—DMEER R T A, B dA)CA, TWFR A 364757 X
i — A AR,

Definition Closed A X .- =Topology X .~ AAcXaDerivaed A X cA.

MR Bk e S5 N B A o AR ] — A TR R T M A, TPt X RS RO =I5
72 4.

PR RS ST AT B A B 2 E B R AL R R

EHE 3.6 WX 2RI, AcX, A Z— %S EAE A RFME AR —DITE.

Theorem Theorem3_6: VA X ./, Ensemble X—Topology X ..—~>AcX—Closed A X ./«>X-Ae./.

JEBE 3.7 MEE T AR S AE 5.

EIE 3.7 W X B—ABHEN, 8 SNATE AER SR, WA

1 X, e

2) W A Be”, W AUBe AT, WHR ALA,,..Ae s, n=1, ] AjUAL...UA e 7);

(3) WRD=Acs Mnre s,

WERAE B 3.7 R, RE S SR A (] X A AR AR IR o, I R e SO AT R i

Definition /X 1 =\{1 U, UcXAX-Ue A}.

543, AT X B — TR

Corollary cFP: VX ./, Ensemble X— X sc.2(X).

BB 3.7 BT AR T B, i Ak 5| B E L ] 58 i o8 B RIE B

Theorem Theorem3_7a: VX ./, Ensemble X—Topology X ./ —>Xe.7m X /Ade.7m X /.

Theorem Theorem3_7b: VA B X ./; Ensemble X—Topology X .. —>Ae.7 X /—>Be. X /—>AUBe.s X /-

Theorem Theorem3_7c: V.4 X ./, Ensemble X—Topology X v — 4z0—> AcsX 7—>NAe 75X 7.

4 BB EIRHRS R ALIERR

AT AE S AN FEARE Y A B A 25 4 S0 v B DL ESUE B, AT BE IR N b B AR SR b A (). H
T A 5 B AL IR B R A SCHIRZ L, AT 45 VR AR A LS LUE W I A2

B s A B IEE B — AN S SR, ARE - ANITER SRR E N ITE

ZEI B A WA S R E B 3.6 SERGIEI, L A bIE B R A R

Lemma OpenClosedP: VA B X ./, Ensemble X—Topology X ../—~Ae..—Closed B X ./—A-Be .-

Proof with eauto.

intros * Hxe Ht Ha Hb. pose proof Hb as [ _[Hbx_]].apply Theorem3 6 in Hb...

assert(AnX—Be.»).apply Ht... assert(AnX—-B=A-B).

{AppE.apply InterlE in HO as []; apply SetminlE.apply SetminlE in H1 as [].tauto.

apply SetminlE in HO as [].apply InterlE.split... apply SetminlE.split...
apply Ht, PowerlE in Ha...} rewrite<—HO...

Qed.

LR 11 B TE 2 BN TAE R, JE0E B A RN 5 8047 2 5, HLERIE ] RE K 848 A\ e B
AT

BMEBEER. b, A TR SRS S B R i A SR K SR .

1IE B

o EVE: WHRANEIE S, A TR SE L, KON A ] A A B R R S b A )

B4R, BT LA G e 2 8] o R — A B AR S A AR
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o MM WIRINT X PR AR AR SENAE. IHMEERES AKX, HE 3.5 FEME ]
AMER TG d(A)X, HRIEE X 3.6 /401, 4 TR A FFIUEY d(d(A)cd(A)RIH].
(1) ¥ xed(d(A)), W HE 3.5 W75 AHMERRLEE U, H Un[dA)-{x})=2. FOE—DITLR
AR, W R AT AHMERIFANIE U, B Un(d(A)—{x})=D;
) BRADEEEA—ENITE, BE - DIFE @R AN — R M, X misE—
AN EBIRI B 2 R — DI AR, #O A x BRI U, AN EE T U TR AR R
UGE X 3.4 1958 2 MER);
(3)  HIR SRR EN, d({x}) 2 4,
4 mHEmF NS, xed({X});
(5) A V=U-d({x}). K UZITEE, d({x})Z M4, 512 OpenClosedP mI #E— P4 Hi V /& x H)TF 4B 2k;
(6) KB BRIEHAELIRG) L, 15 VA(d(A)-{x})=2;
(7)) Hk, 7 yeVn[dA)—{x}), #H—H1H yeV, yed({x}), H y=x;
(8)  HE 3.5 M5 2 MERAEIAE yed({x}) £, WAFAE Y 48K W H xeW;
(9) HH51# OpenClosedP mJ 3t — 54 V & y KI4RIRk;
(10) BT WAV B2y AR, & KSWAV, HEH 3.4 a7 40, K 52 y (4RI,
(1) B yed(A), HIE X 3.5 BEESKE XS5 L TR0, 7L 2eKn(A-{y})=D;
(12) H zeKcW TJ 51 z2x, XIEF A 2eW 1 xgW;
(13) B, zeUn(A—{x}). X—H 2 A 26 KNA=(WAV)NACVAA=(U—-d({x}))NA Fl z2x;
(14) # Un(A-{x})=2. A U & x FERE DA, A xed(A). FrLL d(d(A)cd(A), d(A) A 4L
BT BIRTAE, WL AT Coq M7 5038 2 B E 40 E BT 7R,
Theorem CTYang: VX ./, Ensemble X—Topology X ..~
(VA, AcX—Closed(Derivaed A X /) X . ))«>(Vx, xe X—>Closed(Derivaed([x]) X ./) X ..
Proof with eauto.
intros * Hxe Ht.split; intros Hp.
- intros.apply Hp.intros z Hz.apply SingE in Hz.subst... Ens.
- intros * Ha.split... split.apply DerivaedP.intros x Hx.apply DerivaedlE in Hx as [ [ [Hx Hxp]]].
assert(Hop: YU, TONeigh x U X v —>UnDerivaed A X /—[x]=9).
{intros.apply Hxp.apply H.} clear Hxp.apply DerivaedlE.split... split... split... intros U’ Hu'.
red in Hu'.apply TNeighP1 in Hu' as [U [Huo Huul]... apply EmptyNE.pose proof Hx as HX’;
apply Hp in Hx; clear Hp.assert(Hxn: X Derivaed([x]) X /).
{intro.apply DerivaedlE in H as [ _[ [ H]]].pose proof Htas [ [HX_]].
pose proof TNeighP _ Hxe Ht Hx’ HX.apply H in HO.elim HO.AppE; [|exfalso0].
apply InterlE in HI1 as [].apply SetminlE in H2 as [].tauto.}
pose proof Huo as [[ [ [Hxu_]]]_].set(V: =U-Derivaed([x]) X .).
assert (Huv: VcU). {apply IncludP.intros z...} assert(Hv: TONeigh x V X ..
{destruct Huo as [[ [ [ [Z [Hz [Hxz Huz]]]]]] [_Huo]].split.split... split... split.eapply ReSyTrP...
exists(Z—Derivaed([x]) X ./).split.capply OpenClosedP... split.apply Clal.Ens.tauto.
eapply IncludP1... split.apply SetminlE.split... eapply OpenClosedP...}
pose proof Hv as Hv'".apply Hop, EmptyNE in Hv as [y Hv].apply InterlE in Hv as [Hyv Hyp].
apply SetminlE in Hyv as [Hyu Hyd].apply SetminlE in Hyp as [Hya Hxy].
assert(Hnq: y#Xx).{intro.elim Hxy.apply Clal; Ens.}
assert(Hw: 3W, WeTNeighSy X ./ axg W).
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{apply DerivaedP1 in Hyd as [W [Hw He]]... exists W.split.apply TNeighSIE...
apply InterEQEmI in He... intro.assert(WN[x]#J).
{apply EmptyNE.exists X.apply InterlE.split... apply Singl.Ens.}
tauto.Ens.intros z Hz.apply SingE in Hz.subst... Ens.}
destruct Hw as [W [Hw Hxw]].assert(Hv: VeTNeighSy X .).
{apply TNeighSIE... split... split... split.apply IncludP... exists(V-Derivaed([x]) X ./).split.
eapply OpenClosedP; try apply Hv'... split.apply SetminlE.split... apply Clal; Ens.apply IncludP2.}
set(K: =WnV).assert(Hk: KeTNeighS y X .»).apply Theorem3 4b...
apply TNeighSIE in HKk... apply DerivaedlE in Hya.apply Hya, EmptyNE in Hk as [z Hz].
apply InterlE in Hz as [Hz Hzp].apply SetminlE in Hzp as [Hza Hzy].exists z.apply InterlE.
assert(Hnql: z=x).{apply InterlE in Hz as [Hz_].intro.subst; tauto.}
split.apply InterlE in Hz as []... apply SetminlE.split... intro.apply SingE in H.tauto.Ens.
Qed.
Bl 1 R TE s BEAEAE A B TR Coq A HLAUIEA & 1. Z I, S8R T 5T 8 BAE 2% Coq 47 A4
T8 € B SAGE .
Gxtescvaseseo

Ty | m—————

1% Theopws CIYang : ¥ X oF, Ensesble X - Topology X &F =

16 (VA AC X = Closed (Derivaed A X oT) X cT) =

17 (¥ x x € X - Clossd (Dexivaed ([x]) X cT) X &),

18 Proof with sauto.

1% intros * Hee Bt splity intcos Hp.

20 - intros. apply Hp. intros = Mz, apply Singk in Mz. subst... Ens.

21 [ R e i e o ap A L L T Deckoinaaltl Tk a e I _

22 1y DerivaedIE in Hx as [_ [_ [Hx Hxp]]]. asserc {Hop : sed (Derivasd [2] X eF) X 2% st

23 U, TONeigh x U X ©F — U Darivasd A X o - fx] # #). : Clans,ToBeigh x U X of = U N Derivasd A X o7 - (2] 4 @
24 | intros. apply kxp. apply H. | clsar Hcp.

28 apply Derivaedf®. split... split... split... Intros U* Hu'.

26 red in Ha'. apply THeighPl in Hu® as [U [Huo Huu]]...
27 apply EmptyNE. poss proof Hx as Ax': apply Hp in Hxi clear Hp.
28 agmoct (Mxn : x & Decivasd ([x]) X eT).

25 I intro. apply DezivaedIE in 0l as [_ [_ [_ WIT]. pose peoof it as
1] [_ (X _}]. pose proof THeigh® Hum Hr Hm' HX.
3 apply H in KO, slim HO, AppE: (| esfalss0),
32 apply Inteslk im Wl as []. apply Setminlk in W2 an [1. taute. | =
13 poss proof Huo as ({_ {_ [#wew _111 _1.
34 ot IV i= D - n.u\u-d TIx]) % &T) - 12y
35 aspust luv : ¥ © ). ( apply Inclede, intsow 2. ) o ] >
36 assort (Hv ruui.gm =V X eT).| : 12/2)
37 | destuct Mo as [|_ [_ I: ¢ m [itxz mmm : Wl ] T %
an split. split... split.. T
sxists (2 -
e o |
=

Lina 36 Cue: 3 Kog m ready LA

K1 wpsiEe s p e BXGE & H

AR SCAE AR B 28 Coq, LASCHA[41]H BB AR R ONELAL, 7E45 G I — SR mh G, *—MHh
IF IR IR S AT T Coq IR, AL, P, FE. MESE XWEALER, HXTE0m
FEARVE AT T 500E; BT b, eIl T R AR A g N E E B A E B, X TR R — R AR B
TE AAH) — MR ZAR .

ARG — A B R AR B2 e B, PR, HIXAN R 3R A S — AR b — SR
MEE I 04k, AT CATE R EEAE EX P S8 SRS Al A BRANZS 18] W HORD 25 1) f) B A 1 3 — 0 AT IR
KA, WES—Bdnhe. RBURH Y. Mot B — 2 a Rt

AN — M A b v RE E 3 SUAGE & TE Coq 8.9.1 BAS LsEBLI, A e L s S T
R )T AR IR SR, H Hgmiris it e R AR JE SCE AT WL hitps:/github.com/Balance Yan/CT.
Yang.
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FEAE ] Coq HEAT #5638 & BE AL IE BT B #2 b, EEA BUR JLANER

o Coq HAEREMENE A, FTLUEY Ltac #8280, WAL, E'S . 5IANSHIE % =g HE I B
ELRERE, A — 532 UE WY HENE K 8 B E W] SRS AR N TR B fE W I AR B R — 25, XA
TR SR AR Y 2R BT A E BEAE ) R

o Coq HAWEEMME AL Coq MAMIES SHAES T ML, v LBy — F B SEg <R, enl
DA BN A B A o i — S8R XA e Rt R A 0 EIGIE M BSOS, B —E W
fih 58 Y 55 2 5 HE P RE

o Coq BAZKHMERF N, fEEBEIEMEFES, Coq RS LA B A M7 AT IR, I 1 2 S
Bon HATHR &S H s, MRS T DGR . s XN TR R RO, R K, (HIE
F 52 BRALERALE B K ik 7 2 P A
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