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Abstract: This paper presents an optimal algorithm to compute multi-degree reduction of Said-Bézier generalized
Ball curves (SBGB) with endpoints constraints in the L,-norm. Based on the relations between Said-Bézier basis,
Power basis and Jacobi basis, this paper deduces the explicit transformation matrix from SBGB basis to Jacobi basis
and in reverse order. Then based on the inverse matrix of the above matrix and the orthogonality of Jacobi basis, an
explicit constrained algorithm for multi-degree reduction of SBGB curves in the L,-norm is put forward. This
algorithm can be used in not only Said-Ball curve and Bézier curve but also the large class curves located between
the two curves. This paper proves that the algorithm has some superiorities, including approximating optimal error
of the degree reduction estimated beforehand, high order interpolation in the endpoints and multi-degree reduction
in one time. Numerical examples demonstrate its validity and superiorities.
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1 Introduction

Ball curve is cubic polynomial curve introduced by Ball. A. A.'! in the famous aircraft design system
CONSUREF in 1974. After that, there were a lot studies about Ball curve’s high generalization and its properties. In
the late 1980s, two different generalized Ball curves of arbitrary degree or arbitrary odd degree were obtained by
Wang!?! and Said™'; Hu, et al.l! perfected Said’s result to arbitrary degree and gave these curves’ names: Wang-Ball
curves and Said-Ball curves. In 2000, Wul®! defined two family curves with a position parameter located between
Wang-Ball curves and Said-Ball curves or Said-Ball curves and Bézier curves. These are Wang-Said generalized
Ball curve and Said-Bézier generalized Ball curve. It has been proved that the Generalize Ball curves do not only
possess many common properties of Bézier curves, but also are better in recursive evaluation, degree elevation and
reduction algorithms!®™®1.

Degree reduction of parameter curves is one of the most important operations in Computer-Aided Geometric
Design (CAGD)Y. It is widely used in data transfer and exchange between various CAD systems, and required in
piecewise linear approximation and compression of shape data information in computer graphics!®'®!. Therefore, it
is significantly necessary to study degree reduction algorithms of SBGB curve with the properties of end-points
constraints, optimal approximated and explicit multi-degree reduction in the L,-norm.

To satisfy this requirement, this paper presents a novel algorithm for explicit multi-degree reduction of SBGB
curves with endpoints constraints. The main steps of this paper are as follows: Firstly, transform the SBGB curve to
the form under Jacobi basis. Secondly, obtains the optimal multi-degree reduction approximation by applying
orthogonality of Jacobi basis to the curve. Finally use the inversion matrix to get the degree-reduction SBGB curve.
This paper proves that this optimal multi-degree reduction algorithm satisfies end-points high degree interpolation,
explicit representation and the error predicted function. Moreover, according to the definition of the SBGB curve,
obviously, when the position parameter K is equal to oLn2k1,2,...n2l-1, through this algorithm we can naturally
get respectively the corresponding degree reduction algorithms of Said-Ball curve, Bézier curve and the large class

curves located in between.

2 SBGB Curve and Jacobi Basis

Definition 1. Let neN, n>2, Said-Bézier generalized Ball curves with the given position parameter K be
defined:
n
P(t;n,K)=> o (t;n,K)p, 0<t<I,
i=0

where p;i(i=0,1,...,n) are control points, {e;(t;n,K)}, are SBGB basis, defined as

(Ln/2J+ K +I]ti(l—t)\‘n/2J+K+l, 0Si§|’n/2—|_K —1
|

a;(t;n,K) = (?Jti(l—t)”i, [n/2]-K<i<|n/2],

a,_i(1-t;n,K), |n/2]+1<i<n

in which [n/2] is the maximum integer not more than n/2, and [n/2]is the minimum integer not less than n/2. From
the definition, it’s obvious to see that P(t;n,0) and P(t;n,|_n/2J) are Said-Ball curve and Bézier curve respectively.
When 1<K< n/2]-1, the curve P(t;n,K) is located between them.

A Jacobi polynomial basis J*"/(x) of degree n is an orthogonal polynomial on the weight function
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p(X)=1-x)°1+Xx)", xe[-11],(s>-1,v>-1), that is

0,
I 1=-x)°1+x)" J(SV)(X)J“")(x)dX_{5(”) Eirr: (1)
where
P 25 (N+1)(N+2)...(n+V) @

2n+s+v+1(n+s+H(N+s+2)..(n+s+V)

3 The Conversion of SBGB Basis, Power Basis and Jacobi Basis

In this section, we discuss the transformation matrix between Jacobi basis and power basis, SBGB basis and

power basis, and power basis and SBGB basis by three lemmas.

n,m,s,v
. —V+1)x(n— b 3 s .
Lemma 1. Matrix A" ( e m)] can transform the Jacobi basis {J**(x)}1=3"Y ., with the

n-v+l)x(n-m) — A(n.m.s,v i=m-s—v+1
n-m)x(n-m)

weigh function (1-Xx)*(1+X)'(s>0,v>0,-1<x<1) to the combination of power basis {t'}"

IV"'

A=) (1+x)" (I (x),J252(X),..., 32520 (x)) = 257V (Y 1, AT 0<t=(1+Xx)/2<]1,

m-s—v+1 >Ym-s-v+2 ¥ n-s-v n-v+l)(n-m)>
where
cm—s—v+1 Cm—s—v+2 Cn—s—v—l ch-sv
0 0 0 0
c:m—s—v-H Cm—s—v-¢-2 . Cn—sfv—l cn—s—v
n,m.s.v m-v+1 m-v+1 m-v+1 m-v+1
n,m,s,v m-v+hx(n-m) | _ 0 CmSVA2 [ enesv-l o an-s—v
A(n v+hx(n-m) — n,m,s,v - m-v+2 m-v+2 m-v+2 |
n-m)x(n-m) n-s-v-1 n-s—v
0 0 Cin_v+3 Cin_vs+3
n-s-v
0 0 - 0

ZI:( - J(I+2Isj(l+23ﬁitzv+ij[i:s} 0<j<s
¢j=1 N :
ZI:( - ][ +2_sj[l+2sj_u2v+|}[|:s}SHSJ_S”S

i i i
l=m-s—-v+lm-s—-v+2,..N-S-V.

Proof: By the deduction in the paper written by Zhang, et al.!'", the above conversion matrix is easy to obtain.

Lemma 2. Matrix E{, .0 = (EGTymin> Edim-m) = €, can transform SBGB basis to power basis
{thr,, ie.
(ao(t;n,K),al(t;n,K),...,an(t;n,K)):(1,’[ t )(E(n+l)(n+l)) 5
Where
i 2|+K 2|+K+1
(—1)1'@”/ I+ +'](L”/ Jr +J 0<i<[n/2]-K-Li<j<[n/2|+K+1+i
i j—i
ifny(n—i
. (—1)"[.]{. ] [n/2]-K<i<|n/2|+K,i<j<n
i = i)\ j—i
L]
(1L [n/2]+K+n-i n—i [n/2]+K+1<i<n,
n—i —(n/2]+K+D S |n/2|+K+1<j<|n/2 [+ K+1+n—i

0, else

Proof: We just prove the part of matrix when 0<id n/2 -K-1. It is easy to prove other cases in a similar way.
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i=0

[n/2 [+ K+1+i
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a(tn K):(Ln/2J+ K +i]t‘(l—t)L"/2J*K” :[Ln/2J+ K +i
n i
n/2J+k+1
5 I

-l
RS S

The vector form of the above equation is what we need, so Lemma 2 holds.

[n/2|+K+i
i

nv

V(n+1) .
Lemma 3. Matrix G(, ) = [ ]—(gi,]—)mm(nﬂ) can transform power basis of degree

nv
G(n —v+1)(n+1)

basis, that is
( > >t ) (ao(t n, K) al(t n K), aa (t n, K))(G(n+l)(n+l)) >

June 2010

n to SBGB

where
(L”/ZJT_KIJfJ—'J/[L”“J}“K*j} 0<j<[n/2]-K-1,0<i<j
[rj‘ ]/( ] [n/2]-K<j<|n/2],0<i<j
9ij = [Z:é( 1y ni;:][;j}/{r}j [n/2]+1<j<|n/2]+K,0<i<n’
R T
0. clse

Proof: In order to prove the lemma, we first introduce the dual functions of SBGB basis. Suppose {B,(U)}/,

is a basis of the space of polynomials of degree non-exceeding n. Linear combination {A4B}, will

dual function of {B;(u)}{, if the following equations exist:

0,i#]
T

n), according to the definition of the dual function of SBGB basis!'?:

4B, "l ij=0L..n

Let f(t)=t'(i=1,2,...,

be called the

(Ln/ZJ:KH] 5 OELn/ZJ;LKSH Jlnf(S)(o)’ 0<i<[n/2]-K-1

[n] Zis_o(r-]_:]l,f(s)(o), [n/2]-K<i<|n/2]
ﬂ_,lf _ | ) = St

[nrli] Z:;[nnis ]( ' < 19, [n/2]|+1<i<|[n/2|+K

(Ln/ZJ:K:n—iJ Z:;[Ln/ZJ:KiH;—l J( el f<s)(1) [n/2)+K+1<i<n

And the following two equations:
R S>i

i ..
s, s<i
S

0, t=i |
f%m—{i, Lo

We can easily accomplish the proof. Thus Lemma 3 holds.
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4 End-Points Constraints Multi-Degree Reduction of SBGB Curves

n
Theorem 1. The optimal n—-m(0<m<n) degree reduction of SBGB curve p(t)= Zai (t;n,K)p; in the Ly-norm

i=0
with interpolation at the endpoints satisfying
P (0;n,K)=P"0;m,K),r=0,1,....v—1,
P®(1;n,K)=P@(1;m,K),q=0,1,..5-1,
S+v<m+2
_ m
is P(t) :zai (t;m,K)P;, whose control points can be explicitly represented by the control points of the original
i=0
curve as follows:
(ﬁoa ﬁla‘--;ﬁm) M(nmnlls)(\rlnl)(pm pl?"" pn)T (3)
where

n,m,s,v WV n,m,s,v n,m,s,v
M(m+l)(n+l) (G(m+l)(m+l)) (E(n+l)(m+1)) (G(m v+l)(m+l)) A\'m —vAI)(n- m)(Am m)(n— m)) (E(n+l)(n m)) (€]

The exact error for this degree reduction approximation is

i=m+1
25+2v+1
2

z p 5(252V)
1-S=V~1-5-V
Er = P(t:n, K) — P(t;m, K[|, =/ =0

where 67520, b, ,(i=m+1,m+2,..,n), can be expressed respectively by Eq.(2) and the below equation:
(Prm—s—vs1> Pros_ysnseos f)nfsfv) =( nnmms)(vn m) E(nnTl)(n m)) (Pos Pys--es pn)T )
Proof: Since P(t;n,K),P(t;m,K) have equal derived vector up to v—1(=0)th and s—1(=0)th orders, there
exists an unknown polynomial P(t;n—s—v,K) of degree n—s—v such that
P(t;n,K)—P(t;m,K)=(1-t)°t'"Pt;n-s—v,K), 0<t<1 (6)
By importing parameter transformation t=(x+1)/2(-1<x<1,0<t<1) in P(t;n-s—v,K) and denoting
P(x;n—s—V,K) as a polynomial function after transformation, we have the following equation
P(t;n,K)—P(t;m,K)=(1-t)’t'PQ2t—L;n—s—v,K), 0<t<1 )
Accordingly, that P(t;m,K) is the optimal multi-degree reduced curve of P(t;n,K) in the L, norm equals that
below Eq.(8) gives the minimum.
Er? = P(t;n,K) - ﬁ(t;m,K)HiZ J A-t)*t¥P?(2t —1;n—s—v,K)dt ®)
Since arbitrary polynomial can be uniquely expressed by a combination of Jacobi basis of the same order with
the weight function @(2t=1)=(1-t)*t*!'% there is
PRt-In—s—v,K)=p, . I+ P, ., I 2t =) +...+ p,J 22t 1)
By Eq.(1), we have

0, n=m
[Ja-t a2t -1 2t -t =1 5520 ©)
225+2v+1 ,N=m

Considering the preceding three equations, we have

n-s—-v

S—
Z 25(25 ,2V)

2 _ _i=0
Er' = 225+2v+1

Seeing both sides of Eq.(7), we know that {p,} >}

i-m_s_v+1 are decided by the original curve only and have no

relation with the degree-reduced curve. So {P,}I",°"" being zero vectors can make Er® minimal. That is:
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_ n-s-v
P(t;n,K)-P(t:mK)=(1-t’t" > pI*=?(2t-1) (10)
i=m-s—v+1

n-s-v
i=m-s—v+l1 *

(= PQE-Ln =5 =V, K) = ("t ) AL oy (Brevers Prcsvezsonss Bosn)'
= (e ) AT o (Prnevors Prsvezoees Prosy) + (1
A ) AT ) (Prosovets Prnsovezserss Poosy)'
Secondly, we apply Lemma 2 to SBGB curve of degree n. It follows that

P(t;na K) = zai (t;na K) pi = (lats'-‘stn)(E(nn+1)(n+1))T ( pos pla-"a pn)T

i=0
= (lsta-«-atm)(E(nr{Tl)(mH))T (Pos Prseees pn)T it (12)

(tml’tm+2a---atn)(E(nr{Tl)(nfm))T (Po> Pys-os P’
At last by comparing the coefficients of t'(i>m+1) in Eq.(10), Eq.(11) and Eq.(12), we can obtain Eq.(5). By
substituting Eq.(11), Eq.(12) into Eq.(10) and using Lemma 3, we can get Eq.(3) and Eq.(4). Therefore, Theorem 1

Accordingly, we just need to solve {p;} To that end, firstly we apply Lemma 1 to error polynomial.

is proven.
5 Example Demonstration

In this example, we compare our method with the algorithm presented by Hu, et al."*). We use the solid line to
express the original curves and control points, dash line the degree-reduced curves and corresponding control
points, and dot line the parts of Hu, et. al"],

Example 1. Given a SBGB curve of degree 7 with the position parameter K=2 whose corresponding control
points are (420,500), (360,400), (320,300), (440,240), (600,200), (700,280), (780,400), (720,480). If 2-degree
reduced curves hold at the two end points with C°,C' continuities respectively, our method can compute the prior
error: Er=0.855694 the control points of degree reduced curve are (420,500), (329.692,374.881), (354.252,227.329),
(639.752,152.965), (792,384), (720,480). Also by using Hu’s algorithm, we can conclude the control points of
degree reduced curve are (420,500), (335.446,375.178), (339.554,227.396), (656.566,153.266), (792,384),
(720,480), and the error bound is 24.1084 (see Fig.1).

(a) Our result (b) Result of Hu’ s algorithm

Fig.1 SBGB curves (K=2), 2-degree reduced, two endpoints hold C°,C' continuities respectively
6 Conclusion

This example illustrates the method in this paper is precise and effective. Functionally, the control points of
degree-reduced curve can be expressed explicitly and the approximating error can be calculated beforehand which

avoids multi-degree reduction in vain. For calculation, the operation of multi-degree reduction is simple. The matrix
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M (iiinen i theorem 1 can be calculated beforehand and stored in a database such that the reduction can be done
in less time, which satisfies the requirement of modern CAD system. Therefore, our method has a good prospect of

application.
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