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Abstract:  This paper proposes a 3D geometric constraint solving method, based on equivalence analysis in graph
theory, that can handle over-constrained, well-constrained, and under-constrained configurations naturally and
efficiently. The basic idea is that there are equivalent geometric constraint systems with different geometric
constraint graphs. If the geometric domain knowledge is exploited to transform a geometric constraint system into
an equivalent one that has a better geometric constraint graph structure using equivalent constraint substitution, the
decomposition of geometric constraint system can be optimized. Therefore, the proposed approach will not depend
on the initial geometric constraint graph structure, but on the inherent characteristic of the geometric constraint
system. This proposition can usually find the optimal decomposition of the geometric constraint system. Several
typical examples have been given to illustrate the correctness and eftectiveness of the proposed method.

Key words: geometric constraint solving; geometric constraint graph; geometric domain knowledge; equivalence

analysis; equivalent constraint substitution
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Fig.2 Bipartite graph representation of the relationship between constraint equations and variables
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g is a constraint subgraph with independent single loop.
g» is a constraint subgraph with multiple vertex-shared loops.
g3 is a constraint subgraph with multiple edge-shared loops.

Fig.4 Classification of geometric constraint subgraph with loops
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o= NG= Vi€, 41,Vir 1 -+ +3Vj-1,€j-1jsV) ) -
4,60 go (2253391
1= 0=80= V)28, 4:Vr€q.q+1:Vg=15+ - - Vp+1:€p+1 psVps€p.isVi} »
837807 {VisCisVis€s 51Vt 1+ s Vi 15€1=1,65Vi€1,js V) } +

T4, 4 3 fs /N LR P IR, T 20 IR IR 5 /N HGAHON 3,1 No(@) 3R 7 &l g TR 21 a0 55, W go,g1.82 T2
WO EATAE I FR TS N(go) <min(Nu(g1),No(g2)) A min(No(g1),N(g2)) = 2. T4 4 5 45 1) H A A i /b 240 31T IR
10 80, B AR AR 2 2R P A A (B 9 2 240 TR P B P T a0 24 SR ) ), R A B /N R P A 4,64 AN REA
IR AN AT PR VG T T 75 23 W S AN R 45 AL B L R PR 4 X6 PIAS B /N R 4, 45 RS0

(a) (b) (c)

Fig.5 Equivalence analysis of two edge-shared constraint loops

K5 A S LR PR R S5 4 23

BN ER 4, 6 ASGERIT AR A5 0k, B A LR IR 4,6 A ASTEAEAT AR 58 0 A% 3o B8R A0, ) 3 24 o P ER
4=46@ 6, 01K 5(a), AT BEAETE I SEN AL B BEAR T Pyry = {V0s€ isVisCissVs b Prosg= V€1 V€ oV |- TR RAETE 1 555540
fE B A2, LN Py, WS AN 5 8 A 3R 24 SR PITER 40, 41 ] 5(b), 1 N, () = N,(g)+ N,(g,)—1.1HT min(N.(g1).
Nfg2) =2,/ N, () = N,(g)+ N,(g,)-1=3 , LKA 4 DR s H N,()=N,(g,)+ N,(g,) +1 5
N,(lg)=N,(g)+N,(g,) —1. 85K, N, (1) > N,(I,) , AT GeAFAE N,(I5) < N, (L) B2 N(g0) < N.(g1)<Ne(go)t1 I, 54
B A REAT IR L SR IR 4 AR BT A4, 4 2 L300 240 5 PR B33 45 D AN 2 BT H 15 B TO0 A 2 SR A7 A 1 4% S5 A0 A 3
10, D) S8 4 5 e AL B ) R P3RS 4, L S() TR, H N, (D)= N,(g)+N,(g,)—-2;24 N, ()= N,(g)+N,(g,)-2<3,
B Ne(g1)=Ne(g2)=2 I ZU A2 4 PTBEAR A 24 No(1)=2 HL No(g2)>2 I A IR AT R VAT I 4 K A AT LA LI R A 4, 4
B g w B AR 4, 0032 No(g)>2 H NJg)>2 ,E N,()=N,(g,)+N,(g,)+2 B N, ()=
N(€,)+N,(g) =2 BB N (15)> N, (L) AT HEATAE N, (I7) < N, (1) B2 No(g0) S Nolg1)<No(go)+2 1N, S5 4 5 4 A4
REZE k20 R PH B 1 T 41, 4 2 3R ) 240 SR A AR 3 445 9t AN 2 B HR 17 S0 T R L AR (9 S 4 M

(1) M N(g1)=NAg2)=2 H N.(go)=1 B ,N(1))=N(1,)=3, 41 B 6(a)fi77~. 11 F [l ) 7745 15 4 S AR 1 8% 12 P,
Py, RTINS LRI €, ,en 53 e e e, PTAT AT v,

(2)  H Ng1)=2,Nu(22)=3 H. No(go)=1 I ,N(I})=3,N(I,)=4, 11 & 6(b)TT 7. 1 F [7] I 47 70 15 4 £ 4% 3% Bk 4%
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Prsss Py UTT IR NS 24 B €4, 53 TV RS B €, P B0 240 R DAV ER M 30 1 1/ B A5 240 G R
(3) 1 Nu(g1)=Nu(g2)=2 H. No(0)=2 I ,N(1))=Ne(1)=4, 101 K] 6(c) T 7= . 21 SR [7] IS A7 A5 P9 2% 58 A 3 #2452 P,
Py, R INAEN LI €, e 53 AR e ey, PTRT HE THUAT v
4) M Ng)=N22)=2 H Ngo)=1 B, N, (1))=N(l)=4, 401 Bl 6(d) 7. 201 F [F) B 7748 P 4 G A i Bk 44 P,
P, MITTR NN LRI €, 00, 53 € e, (B LR E [ G5 R AAR.

e,
(a) Two three-edge loops sharing one edge (b) Three-Edge loop and four-edge loop sharing one edge
(a) Fe—TLM P> =1L 3 (b) F—1 ) = PHFRFI Y 01 PH R

(c) Two four-edge loops sharing two edges (d) Two four-edge loops sharing one edge
(c) FLPy I P DU 2 P A (d) Fe—TA I WA DY 2 AT FR

Fig.6 Typical examples of two edge-shared constraint loops
6 PINIRIL LR P A 1) i S 4

H BL b 23 AT 68 T A 3R AL 20 TR P A AE R s

PEBR 9. X T AN AT I A R 45 9 ) P AN JL L 20 R 3K 4,6, B 4= 60 6.80= 40 b.81=(1—80,.82=—80;
N(21)=Ne(g2)=2 I, LA 4 A7 T RERESFE U B HITME 2 No(g))=2 H. No(g2)>2 I LU LA I 4, 6 17 7T HERL
SN L AR IR N(g)>2 B N(g2)>2 I N B e A REIR AR L0 R P 3K 4, 4.

N TEE P M 2 A I SR N A R IR S TE ABGE BN LTIR AR 4, 4, 4,0 = 3) B AN BE B A A R 45k,
HARMK 4=6046@.. 04,5 TV be {46,404 W T A T 4 &8 42 PP, .P" U ih 4 F0
Lyl by IAE T IR T B A2 M ISR B0 P={Py,Py,...,P, ) HP, P = {P' P, .. ,P"}.

(1) WRXF VP e P2 N (P =1, W 7(a)Fi7s, LI IR 4 AT 55 W 4 A0 48 10 20 R0 38 R & - [7)
— B /NP IR, I 29 TR P A 4 ] BEAEAE (0 A5 A A i [ i 55 4 8 JHe Ak B T RE A5 A 29 SR P 3A 4.

(2) WA IR e P AL N (P =2, HX T VP e P—{R"} BJili & N,(PH) =111 7(b) 77w, W45

P ={v.e,.v..e v} Cl.
T4, 4,4, 350 9 AN T 5 A R D P 249 SR AT RS IR LR TR S i 4 P AN 2 S5 e it e 4, B SR 4, P i
WE P E M AR AL S A4 35 (BT B, BT L AT RE A7 75 (1 55 0 1325 [ 2 4
Py 080 g-1Vg=1- - s Vpr 1€t 1 prVpsp 1sVisCii—15Vic 15+ - -5 Vst 1ot 1,53 Vs ra Vi } »
17 P V18 g Vs€g g1V 15+ - s Vpr 1€t 1 po Vs 1sVis€ri13Vic 15+ - -5 Vst 1,851 5 Vs | +
WRAFAEFEM AL B Py, 50 P LR P 4 PR
() WHIP e PN (P =3, HX T VP € P—{P*} 33 L N, (P}) =1, W1 7(c) i, A5
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s+l,s° V.v »€

o Ves € sV} ©

T4 Jhy AN T AR R 45 95 10 240 TR P B0, DR B A% B AN S5 A% 2 A, G AR T A A AR L B AN
SN A B LT T ELL AW AIIE 4 P T AT A0S B IR T R AR B AN S Ak 0] i I8 A T BB AR AR AR AR A
IEIE%%:‘ Pl‘—)S:{vrﬂelf,q’vqaeq,qfl7vq717"'9vp+]aep+l,pavpyep,tavtaet,tflavtfla'~'avs+]aes+1,S9vs}aﬁu%%m’ftmEE% Pr—)s Z?%E,]}\“Jé/‘]

A 4 FTAR AR

Fig.7 Equivalence analysis of multiple edge-shared constraint loops

K7 AL AR IS

4 WAHRIR e P LN, (P =4, WE TN B = (v, V0800 Ver€, 15 Vy5y g 15V} © L T4
Oy AN T AR AR R 445 O ) 2 SR P AR, DRIP4 P A S5 A A 3o i A, o (A T 2% AR AR 3 AN 2 S5 A i 1
ot I 20 R IR 4 TR BT A PR ATE T VA 4% R 408 30 11 T2 T 5 120 A0 AN e A AN A s ] 8, BT 240 SR P3RS 4 PR AEAE
LA A 330 1P i S A 45 A B S B B A 240 TR 3K 4.

(5) W3R, P’ e P(P" # Pl /e N,(P) =2 HN,(P')= 2,001 7w U P ={v, e ,v,0e,,,
li PP ={v,.6, V08, 15V, 1} © 45 BUT 4,0 300 AN TR AR D 10 240 SR VA 3R 08 0 % 4% 7, P78 AN I S50 A it
B A, PR IR 2 SRR 4 Th BT PO B P (3 A B AN A A A 320 10T W) 249 SR FAT RS 4 v ANAE E S A A s
(1] 4, S5 5 H80 Ak B AN BEATR AR 240 R PR 4.

i1 LA A AT T 0, 5 22 A Ll (0 20 BB A7 A U P

MR 10. X T AN TR AR FI 4R I8 2 A LA R KA 4, 4,. .., 6, 4= 6@ 60.. . @4,V be {4, 6,...,4,},
4t AT AOER AR PR P SN 4, 6, 6 R o (RAT T TR J R S0 B AR R BB P={ PP, ...,
P} IR P ={P P, P IR 3P e PAETFIS N (') <4, HXH T VP e P—{P*} 3 L N (PF) =1, W5 4 %

i i

v}c
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AL BT RESRARL AT B ;1 S AP € PATAEN,(PY) = 4, WIS 5 40 A BAS BE SRR L0 R AT R 23 S 3P, PP e
P(P" # P))JH L N,(P) =2 HN,(P) = 2,054 B4 Ak FEASBEHR R 29 R PR 4.
PR 9 FHVE T 10 2 W, 249 9 PH ER 16 m 4 e ek T LA 3k 23 BT 82 2% P AR 1D 352 /I8 240 SR DA RS 1) T 445 i P K i
P T B /I 20 TR PR g /NI S L ART 240 BRI 09 AN 2, 240 R R o AT 240 R DA A 349 ) 3R g Tt 2 B /N 2 SRV R 11
I TR, AT 240 5 P 11 2N 240 SR DA A S /N A B 43 T 11 R 2.
3.3 JUTAREREN 757
JUART 249 3R 1] 43 ik 10 O S S I 3 a2 240 TR P AR 40 e K Aot S 7 B2 0 o 58 0 5 0 At RN 48 D 240 TR 1
Pl e 1R 240 SR PH R N BT BT 29 20 s PPk 24 SR P B RT3 24 B B B e /A 240 TR P A e /N 1 P ] i s 24
TR VA IR JE N AT T 24 SR PR R B W) 0 Ky 22 A S /N4 SR TR (R FR RIS T 4 O RIER i 10 418 H 240 SR TR 1 ] A
1 5 B /N 24 SR PR AR F ) 4 ik 3 DDA 6. 22 i 240 TR PR I 0 T AT o /0N 2 SR A B 2 AN R A A R 4 ik b %
T I f /N 249 SR P A TR A () 2045 1 B R 3T T 5 1 240 B 1 B, L T 7 A7 ) AR 23 00 A /0N, T 28 40 o DA AR [ 4
AT REAR K. T $ o S AR S B I P A AR 305 3R, AR ST B A A B /IS 440 R DAY S DA% 19 A e /I 40 R DA R ) B 0 B
TE BB 249 TR PR ) B, 1 A il 20 SR B 1, 20 SR ] 4k JL T A R I AR L= G . h T e L = 4R
120 0] i 3 B A e A o PR ER 1 e T 4 e P 5 4 TR AN S5 i A 1) 24 SR AT EA DR] b o Ak B 4 R P ER
B, N A e A B AR S = 2 B i 8 B0 RO (¥ 7 3,4 300 w=w Amp For w, AR I ) LA £ R
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Bk 3. Sl 2 0P R B0 A5 2 e Ak o e A
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B SN LT AR T B g
Step 1. R JUTAHRTE g, W NARBIR KN ES 1={4,04,...,4, VL H IR P 20515320 1 RUE,
I 29 SR P B P L = 2 o3 o 8 2 SR B 1 o L R 1 AT B PR, IR I 4 Ko, K, KO0,
Step 2. IR 1= H 16+ x=0, % Step 6; 115 1= H. x5+ 520, %% Step 1;75 W), BLZ R [AFF e 114 H AL
& T INER.
Step 3. U LI H IR Ay £, T S35 2 AbER LR PR IR 443 5150 b i A,
Step 4. H|E bRk A
Step 4.1. U1 A=2, W P B8 AR 37 A, T g, 85 20 POAS 8 A 240 SR DA B 5| 1 240 SR B A S T
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Step 4.2. U1 A=1,00 P B8 A0 45050, T B g, TR Zo PO AN AL SR DA ER 5 1R 20 B4 AR T A%
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Step 5. Jl5E M 21K 2871,
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v AN TR T, A ke kot 1L Step 2.
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SERZTR T LA k- aek 1 je—j+1, 5% Step 7.3.
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N LT LA RE G
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Step 2. W C=2,M|%% Step 4;75 Mg, Hle C,, 3 M C, TIHER g..
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gl g MR AR AR ELNR g MIER AR ES ={4, 4,43 KD 2 45 B EAE S 1
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Step 4. HEEMN JLTLIRE G, 5L K.
F T LART 24 SR P v 3 240 TR A A 199 52 23 8 5 e J L AP 240 R ST S5 A 2 e DA 2 R 110 52 2% B2 R ARV 4
SR FE B P 0k 3, Dk, B 4 SRR T oS RE O(n).

4 LHISHT

AT BAUE AR SC T VR AT R, T TR 3 AN S8 43 3l ] T R AR 1 £ SR PR L AT 48 9T 2 A PR R T ) S
330 29 3 PR HEAT 20 #T
4.1 PFTREREER

G0 8(a) BTz A IR Y IR B FC AR i R AL IR FIE2L(C,Ch) BB AEI(B),B,) 125 (Dy,Ds,...,Dg) 1EH}
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XA A [ 20 IR AR SR AR AN T 38 AL A TR Y R 2 PO R AR T T IR 5 M AN AT AT 18 Bl 5 PR3 U A 2 R 1]
PR 240 SR P B T R R 1 40 TR PR B TG X 1] 8(b)IEAT S5 1 3 A AN A A RO e b B VT AR B ] 8(e) TR
AN B AT AR] 249 9K PAY I (1) S5 0 LA 240 I I o 8 A T T 43 5t 0 AT SR A, AT A R b B v 77 249 SRk 1) 30 %6
D,
C
B

Dy

(a) Assembly model of control valve

(a) 5 TR

0—o0 : Collinear constraint <t3>: Coplanar constraint/Plane-Plane distance constraint

(b) Initial geometric constraint graph (c) Equivalent geometric constraint graph
(b) HIIRJLATZI A (OEZNIRCESP K]

Fig.8 Assembly model of control valve and its geometric constraint graph
B8 T ke PO AR 2R K L LA )
4.2 HIRERY AR EEE
W 9(a) o (0 MR T ARG B2 MO A e L AL 1y AR 30 AT 5. WP 7 RNERAME 2. &R 4.

AT 6 AL, LT 29 R A B 9(b) o, 8 v & A 3 ANILIA IR B N AR A3 73 00 K 4={1,2,3,1},4={(3,4,5,3},
4={1,3,5,6,7,1} IS JLAT 290 B 9(b)BEAT S5 4 PE 20 M7 A I, 2 KA FA 4, 45 Sy T AFRAR 0 2 ARCPAT R, 5 DAy T 44 ik 1
LU PR IR, AT LA BT 5 6 A IR 2 R AT 4 O 38 3 e ) 4 ) L AT 249 SR P BEAT S5 A0 1 20 A R A5 A 24 SRR
e ab B Ak P RE AN &L ()~ 9(e) 7, B 2 vl A3 2t B 9(6) I 7 A A5 JLART 29 R LA T 1 [ A B R, 1
it R IEACKRARTI AT 32 T 5 T 7, AR TO RO mT 23 S HEAT SR AR
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4
3
2
\
1 5 76
(a) Assembly model of slider-crank mechanism (b) Initial geometric constraint graph (c) Decomposing closed loop 4
(a) T P LR S e R Y (b) W4 LA 29 (c) PRARHIIE 4

(f) Equivalent geometric constraint graph (e) Reducing closed loop 4 (d) Decomposing closed loop 4
(&) 24 LT R (e) L HUAIE 4 () SRR 4

o—o : Collinear constraint <> : Coplanar constraint/Plane-Plane distance constraint

Fig.9 Assembly model of slider-crank mechanism and its geometric constraint graph
B9 i B LS e C AR 2 R L LA 2 SR I

4.3 HIREHRERE

L 10(a) BT 715 B MT 5 &5 b 2 C R 28 oy 22 AR 4 1, AT 55 A 22 1) 380 A AR X 3 3, 2 B I PE 45 4 A
AT 2 8 1 B i G A8, H LAT 20 A B 10(b) s, B o 5 A5 2 AN 3R 0 B /N 2T AR, L n /={1,2,3,5,1}, 4=
{2,3,5,8,4,6,2},4=1{4,6,7,8,4},4,={6,7,8,9,6} JHIL X JLATZI A 10(b)HEAT A1 3 Hr K B, 4% AN PAI3A AN ] 3k
figé , (L T 0 e A5 A7 A0 Ak BELATT 8 T A 4 D 240 SR AT BRI 153 3 4 S A JL AT 29 R B B 10(e) s, e g
LRI 71 ={1,2,3,1}, /5 ={3,4,5,3}, 45 ={4,6,7,4}, 0, ={7,8,9, 7} Ay vl 53 5 (I Rk 240 5 PH B0 DR ok £ T 45 1
SEBIETE R AR O 25 AN W 29 SR PHER BEAT SR 55 3 AR AR SR AR AR B, 36 A SR i RO UK Ay BRI

0—o0 : Collinear constraint <+3>: Coplanar constraint/Plane-Plane distance constraint

(a) Assembly model of truss structure (b) Initial geometric constraint graph (c) Equivalent geometric constraint graph
(a) MR-G5 L Y (b) W1 LITLI R (c) A& ) LITLI R

Fig.10 Assembly model of truss structure and its geometric constraint graph

10 7 248 45 F S e AR 780 J T LA 249 5K [
5 & &

AR SRR = Y JLAT 249 SRCZR G0 010 S g 1) 780, 56 D0 ) LA 2 TR IRl 0 A 1) S B B 8 1 S5 A k20 W 5 ik % 5 ik
FE A =2 LT 29 SRR 58 P9 2 160 ) LT 60 R A 7 AP 20 SR PRI A 45 i 249 R P B RATT S 240 R A P 55 Ji ULk J L AT
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