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Abstract A two-dimensional grid grammar was designed 1o {ill up the missing ring in the Equivalence The-
orem for recognizable picture languages (REC), summarized in a survey paper by Gilammerres: and Restivo.
Instead of Z-dimensional on-line tessellation automata, grid automata were mtroduced, which were closer to
the traditional binary trec automara, to bridge the grid grammar and other approaches of ceseribing the class
of REC. Meanwhile the standard (existential) monadic second order logic was substituted by a weaker logic
framewoark ; positive monadic partition logic. A new and complete version of Eguivalence Theorem for REC is
presented.
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A marural next step in the evolution of the theory of automata over wards, trees, and Mazurkiewis traces as
well, is to study finite-state autcmatz over partial orders or directed acyclic graphs (with bounded degree, in
short dag’s ). Among them the topic of two-dimensional rectangular arrays or pictures has attracted much at-
tenticn*!, They inherit unusual (w. r.t. the classical theory ) whie typical features of general dag's, such as the
separation of non-determinism Irom determinism, unclosedness of complement operation, undecidability of emp-
ty problem. the inequality of expressive power between first-order definability and star-free expressions. the
non-collepsing of monadic second order logic (MS(}) down to existential monadic second order logic (EMSO)

Tt

{infivite hierarchy exists?, etc. However . their special cenfiguration, which m fact does not constrair
thewselves much in applications, would facilitate further explorations. (Glammarresi and Restivo summarized in
Ref. [3] sume results up to date and offered an Kquivalence Theorem for the recognizable picture languages
(RECY, reflecting the robustness of this notion. 1t is shown tha: the following approaches have the same ex-
pressive power ;

+ 2-dimensional ou-line tessellation automata (OTLA . a special type of cellular automata) acceptance;

+ (2K 2) tiling systens recognizability;

+ EMSO definability;

+ projcetion-closed complementation-free regular expressions (PUFRED.

Compared with those in classical situations, obviously there is a missing ring: the array grammars which
generate exactly REC. The avaiiable 2-dimeusional ones such as Siromoney’s matrix grammers (SMG), Nivat-
Saguci’s image grammars cte. , which were initially raised in 1he problems concerning pattern recognition and

image processing'®”', {ail to aceomplish this goal. We shall introduce , in this paper. 1wo types of grid automata
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{epecial kind of 525, systems with two successors), and their dual generators called grid grammars. The latter
are just the right objects filling above gap. We conclude finally a new version of Equivalence Theorem. These
results expose the intimate relationships between different kinds of computing paradigms: implementation (by
automata or grammars) and formal specification (by logical ‘ormulae or algebraic expressions; l.ocal opera-
tionel semantics and global denotational ones; Recogrizers (automata or tiling systems) and generators (gram-

mars or re-writing rules).
1 Preliminary Notions and Backgrounds

» The idea of locking tiles as transition moves over dag's and tiling systems over dag’s as graph recogniz-
ers was first introduced by W. Thomas'!, ang later adopred widely™,

« DPicture is a labelled rectangular array, denoted by p. The equivalence of expressivity between 2 X 2
tiling systers and 1X 1 stencil” systems can be found in Ref. "101. The underlving idea is simple : just a trans-
formation from cells into vertices and cell-based pictures into vertex-based pictures cr grids. In the following we
shall follow the stencil based approach. Let 5 denote the extended picture of p by surrounding houndary mark-

ers #, and % is the correspending cell based version as in Ref. [2,117, F and p denote partially extended pic-

tures of p respectively, as follows.
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» The notion of monadic partition logic and its applicetions in automata over strings and trees are well:
known . while the potential merit of introducing the weaker framework L{MPFP ) nstead of the standard MSO can
be seen in Refs. [19,12]. Roughly speaking the monadic n-partition quanrtifier (Ebbinghause quantifier) means
the existence of an n-partition of the universe such thar the property defined by the formulz in the scope of this
quantifier is homogeneously true over all partition subsets, i.e. independent of the choice of elements in euch
partition subset. So it is a special kind of existential monadic second-order quantifier. J.7(MP) is the positive
fragment of L(MP) which is a proper sublogic of EMS0. In fact we need only one positive occurrence of pani-

tion quantifier,

2  Grid Automata

The notion of grid automata was primarily motivated by a local analysis of stencils viewed as transition in
stencil systems, and by emphasizing the connection to binary tree automata. While the starting aoint of most
130153177

.

studies on picture languages is based on the analogy to word automata and string languages our

motto 15,
Grid automata = 325+ COMMUtativity (a parallel control}, where 528 is automata over binary trees.
Definition 1. %"= (Z,0,q,,8,,82,F), where each component is the same as binary tree autbmaton (top-
down version) except that & (i=1,2) are controlled hy concurrent constraints, and it runs over E’s. We intro-
duce a kind of execution control, explaining how to compose compatible transitions {(to be moves via §;) during

the operation. 1n the {oilowing figures the dash arrows represent the given transitions.

#  “stencil” represents 1% 1 tile. This special name follows from Ref. [9],
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1. Initial moves

For aysumvas s € 50 n €6 1 gy =gy amd there are some ¢, € 6, (gosay) and ¢; € 6 {gsse, ) such that & (g:~
a3 {18:€gs00:)2- G+ then the square block in the Inllawing Figure is a legal initial move.
2]

631 Y83 g, €8) (g2 ag)
: Nd, gy sag )

2. Top maves
For by sbasbr b€ 2 and gy € Q with g3 €8, (g, 45,0+ if there is some §:€ B3 (g;.5,) such that &, (g4 8
(g::8,)# &, then the showed block is a legal top move.
L T
: 43 ”73 &

Aagy €8 (g2 b2 )
A& Cay s

3. Left moves
For eiacsasa0a & Zogr g2 € R with g, €8, (g, 00y if there is some g5 € & (g1.07) such that & (gy.027[18:(q;
)5 . then the showed block is a legal left move.,

Q[é———&g

i Ca

;C [ .
Gasd Dy, €8) (g2 ez
; ﬂé‘z Cgy aeq )
4. Inner moves

For diydosdysd, © 2 175R%:0 -QJEQ with QZESQ(Q\ 2 V@ €8 (g .di ), if there is . € & (qpade3 (182095457
then the showed block is a legal inner move.

3. Boundary conditions

For right side pusitions: &;(g,a) ¥ 7@ . For bottom positions: &, (¢",8) [V F# 2. Particularly for target
(bottum right ) position, §y{g e} N F# @ 7#8,(¢" ) F.

LT w ek
# g€ F

A accepts a given picture p of size m X a f there is a successful run g:dom (p) @ satislying the Iollowing.

s plA N =g plliun-F 1IN EFD plim-+1,700. for 1€ im0/

= All blocks in the extended graph [p.p) match with the control constraints,

The execution orders of the moves in operation are not unigue. Among them the following three choices are
of interest:
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« diagonzl order:
= vertical scanning (from top down and then shift to next right column....);
» horizontal scanning.
The latter two seem to he more natural and practical.
We call A together with the commutative or concurrent controls (including initial and boundary conditions)
a grid automaton of type [. 4
The different faces ahout above block traditions (moves) of type I, which simulare directly stencils with
some pre-contiguous information. are not substantia.. They can be forged into one combination-pattern of two
local sequential successors, in type II of grid automata running over p's.
Definition 2. [et A= (E-QO.Q,‘S] 82 FY, 7 be an extended picture with label function {:dom (F)-~2 )
{H . A accepts p of size mXn i there is a run pidom (p)—~Q. such thar
v o0, 1) =gy =p0(i,0)) (1i<m, 15 <) and o{(m,n)) EF;
+ for each proper position (1s5/im, 1< 7500,
suppose g =g (i—1,;3) g, =p((i.j—1)) and {((7,j)}=a. then p({i,j))=¢.€ & (g,,a))8:{gya).

o-- 49 do Yo Jo--H4p Yo

w

(4'.0".
Foofti—l i1 il

Goof UnimD—NMG g

4o u ¢ gEF
q :

Call A a grid automaten of 1ype [I, in which & iz similar 10 thar of leaf-te-root (. e. bottom up) tree au-
tomata except control mechanism.

In principle each block moeve of type 1 can be simulated by four related compound transitions of type 11, So
for each A; we can construct an Ay (construction omitted) s.t. L*(4;)—~ 1L7(4;). The converse direction is not
sa obvious along this approach of local simulation. However, if we notice that the connection hetween two types
of grid automata is almost the same as that between two versiors (top-down and bottom-up) of tree automata,
the equivalence of the expressivity hetween the two types of grid automata is immediately clear. Later Section 4
will give 2 more formal but indirect proof.

Note. (i) In the definitions above g, can be replaced by & set I, of initial states . without injuring the expres-
sive power as a whole. So can the starting symbols in later grid grammar. This observation is useful in the argu-
ments above as well as later. (ii) Concerning the way of composing loeal successors the grid automata of type Il
are similar to Glammarresi-Restivo’s revision of 2-dimensional OTLA (see Ref. [3], but there is only one &),
The separation of one § into two 6,(;=1,2) is crueial in the transition from grid recognizers to grid generators,

On the other hand the grid automata of type I are closer to the stencil systems.
3 Grid Grammars

The insight of grid grammar was inspired by that of grid autcmata * . together with some techniques for
easier description. A grid grammar consists of a production system (G, whose form is similar to that of SMG
(without intermediate variables), and concurrent constraints {relatively stable independent of G} to control the

combination of horizontal and vertical production rules, which contain some traces back to Nivat-Sacudi’s

s Its control mechanism inherits from type 11 while its description pattern is similar 1o that of type L.

© HEERERKLEIF  hps/ www. jos. org. cn
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table-control-1, But herc we further set the “table-control” free in a symuetric and real parallel way.
Definition 3. G=(X,V,,V,,85,,8,,R:sR.)+ where
» X, afinite set of terminals;
« Vu{V.,), finite set of variables along horizontal (vertical) direction;
o S, eV, (8, &V.), the starting symbols for i-{=-) direction;
* Ri(R.). finite set of production rules for two directions respectively. In “regular” case the rules are
right linear. such as in forms.
Si=aY, YY", ¥ =cin Rys
S,—~aX, X' +tX", X—~cin R..
In this paper we shall focus on such regular rules.
The class of grid grammars (or automata) will be denoted by G5 (ar GA) ar simply (7. To describe the con-
trol pattern we introduce some auxiliary symbols :
+ an endmark E, 1o replace X(Y)-+a by X(Y)—=aE, and denote the corresponding collection as B (R );
* pairs of numbers (/,7) € N X N as a 2-dimensional counter, ta record or indicate the conrdinates of loca
tion where related terminal is just generated.

1. Initial productive moves

S, S, aXER,
¥ — - for some w€ X
Sp—=(a; 1,1 )X, 1) Syp-e a¥E Ry,

Note if there is no common a € ¥ accurring in the initial production rules in R, and R, respec-ively, then
LG)=1.

2. Top production moves

. 5. S, = a X €
(given) ' S ex, ,U a, i R (a €3
(sl XY o= (@51 i+ 10X,V YV > uY €k
Particulerly wheu Y'—E, the h-derivation rightwards should stop.
3. Left production moves
(given) (& ;4,1 ) (X, X - WX ER ;
o exil N, T (e €X)
Sp— (e it 1, 100X,y D Sp> a¥ €8
Particularly when X' ==F, the v-derivation downwards should stop.
4. Inner {including final) production moves
‘ Cgiven) (a;/, j+ 1)(X,Y) X-»cX' €F
{given) ¥ ’ ST ex LX,,E K (c&€ X
(B3it 1, DX Y V> (¢ it 1,4+ 1XYD Y~ €Ry

with the restrictions that ¥ = E=2Y"=E, X'=E=X"=E. On other cases Y and ¥", X' and X" are independent
cf each other. When ¥=F=X" it's a {inal production move and the whole derivation or generating process fin-
ishes off.

Note. (i) The role of 2-dimensional variables and endmark together with right-bottom control ensure that
the G-generated graphs are rectangles or pictures. However these coordinated variables are re-written pairwisely
along each direction (excepr the right-hottom control) . in order to get suificient freedom. The coordinated ter
ninals and variables make it unnecessary to write down all symbels generated up to now during cach re writing.
These apparatus can also be applied in casc of 3 dimcnsion.

{ii) The derivation order, similar to that of grid automata,has choives of horizontal and vertical scanning.

© *hIHRRES
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(i11) The noiion of prid grammars is in fact a dual form of grid avtomata of type I (even in view of accepting
vs. generating ), Neverthe.ess this relation is obscured somewhat by the outlock of concurrent eontrol mecha-
nism.. The introduction of type Il autemata ¢lears the ambiguity up.

¢iv) Observe the algebraic operation @ (a kind of A-v combination) of word languages. Grid grammer is an

operational semantics for this sirncrural characrerization of 2-dimensional recognizahle picture languages

{REC) .
4 A New Version of Equivalence Theorem for REC

Theorem 1. The following s are equivalent:

1. Acceptability by grid automata (types I, TI); (GA, G

2. Revognizability by stencil systems; (S5, similarly 7§ for tiling sysiem’s recognizability)
3. L' (MP)-definability;

4. Projection closed, complement-free regular expressability: (PCFRE)

bl

. Derivability by grid grammars, {GG)
4.1 Proof, 1(1)&=2

FFirst we note that without projeetion (825 +COMAM) is not equivalent to pure stenci! system 4A'V, the for-
mer is weaker. (Counter cxample cxista. ) However under projection they have the same recagnizbility. *

A can simulete (828 --COMMY's operatior, i, e. for each grid automaton (type 1) we can construct a cor-
responding steneil system such that it aceepte or recognizes the same set of pictures.

Let A= (5,Quq0.8,,8, . ).

9 g

Fach legal block move of A | say (f‘ ‘2|, constitutes a 1% 1 stencil. Put it inte 4% together with
T
d £ £ 4 f B q3 94 F # ' k
boundary stencils: R . “ . , “3 8 ; ‘ ‘ , o Y
I P ] 4 pooa—, e §

Now we construct the stencil system T=(Y,Q, A" ,#x), in short {A7, 7Y, where AV is over Q X {Z(J
{H Dy QXY =2 It's easy to verify the following.

A has a successful run on piif p has an extended expansion (5. p) over QX (T J{% 1) such that S{f, )
T A", where S((p,0)) denotes the set of all 1% 1 subgrids of ($,p). Hence we have Claim L{GA;)SL(558),
55 for steneil systemns,

Conversely, given a stencil system T= (A" ,7r), we construct a corresponding grid automaton 4= (4, 2,1,
G108y F) of 1ype Tas follows ;

Ser @=a" mirus boundary stencils (i. e. those containing #.), (called the set of generalized states)

‘
Ty ! 4

) i b - 0
] u P i ay| “ . ) .
171 J A I L ca , for those stencils with (@,4,) as their top-left vertex-
[
e |

Y

labels,

*  The sjluation is guite similar te the relation between Dumine systems and tiling systems. sce Ref. [16].
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' 7 i ]\
Fe Gﬂ(l)‘ 4 ed(]) .
“
#[n I

q

The idea of defiring two transition relations is that contiguous generalized states (via §;) simulate the neigh-
bouring stencils in “local successful” tilings of A", The deflinition is showed in the following figures.

For simplicity let mn,u,v,... E'=QX 2%, a,=n(m) € X, similar for a,.a,.a, etc.

R CN R
E yﬂ'(m)‘}_b ‘ “{‘ ‘n-(n).‘
m n n' u v / o o ' . /

— & ‘.__ W v b
w(m) | m(w 5 8
3 : “ v w v >
w e —— NV
R _—
@' 4 LA 4 e . L T / s
g ( . ﬂ(vy
u v 2 v \ I =7 /
" k # 4 # ¥ B #
For el if 3 s s ! € A" then the above block move
i
n 1 § 1 "
7 n | E £ t
can be set into an initial move of A ; for , il . e A" . then the
L4 1; H n )1J

above block move can be arranged into a top move of A.

For a fixed picture p€ 57 " it’s easy to verify that from an accepting tiling of (A, m) aver p we can ohtain
2 successful ran of A over . and vice verse. (Using scanning order)

Claim. L(SSYCL(GAD
4.2 s<1AUD

For each grid grammar (i we construct a grid automaton A, of type 1T such that L{C)~ L{A;). The idea is

showed in the following figures.

s, s, (X.7) (X, B
) lS 2Ky , lS,JﬂbX] €R, ) XX . lXA- CEC R
5 (X Y ) — (XY, XY (XY RV ———— (B
§,ra,Y, Y, l¥, € R, —a¥ Y rcEC K
oo 7 7,
lal 8, 8, lai
- & 4y "?2

hy 3. a | - N -
Bt g ¢ €8 @B 10000 0, €8 (@ N0yl gy 4 €8 (i (18,0 NE

Given G=(3,V,;,V..5: 5, By K.), construct Ag=(Z,Q,1,81.8;»F)+ where @=(V, [ J{EN XV UJIE
U808t I=1485,,8,1, F={(E,E)}. Define §,;:=1,2) as follows.

C{%‘ Q(J»' qn a5 (;J‘

G

0 ag | &

7o ql

_ Aol |

%o CrRr Ser-Ea LS

& ’ g

[V o
q; /¥

© hIEREY

SEAFIEII httped/ www. jos. org. cn



- B78 — Journal of Software #ﬁ{-’*"-’?—kiﬁ. 000,117

Suppose XEV,, XE€V,.=V.U{E}, similarly for Y,¥, etc. ; a.b,c € T3 R {R;) as modification of R, (R)
gforementioned.

Whenever S,—a, X, € R} and Si—a, Y, ERS, put (S.a0: (XY o)) in 8, (S0 (X, Y,)) in 65

Whenever S,—»bX,€ R, and Y=Y, € Ry, put (5,,6;(X,,Y¥1)) in 8, and (X, Y2,6;(X,,¥,)) in &, for
all X.

Whenever X —=6X € R, and S,—b¥,E R, put ((X,7),6:(X .Y, in &, (5,0:(X,,Y,)) in &, for all
Y.

Whenever X—=uX"€ R} and ¥V =¥"E Ry, put ({(X,¥),a;: (X" Y in &, and (XY ),a; (XY in
dz» for all ¥ and all X', with the proviso that

Y=E£8Y" =KX =E=X"=E

Clearly &, and 8, can “simulate” R, and R, respectively, together with their contrel censtraints. From the
execution view of automaton’s runs and grammar’s derivations in scanning orders we have;

Claim. G generates p ff Ag accepts p. Hence LIGG)Z=L(GAy).

Remark. The above approach of local simulation seems unpractical when it iz to be applied in the opposite
direction. We have 10 proceed by an indirect way.
4.3 4.5 (L{PCFREYCL(G(G))

For this we have to verify that L{(G() contains unit grids {a} for all e € 3 and is closed under operations
.0, &A@ 1y U and projections,

1. Set Ry—={5,~a}, R,={8,—~al. Then the corresponding grid grammar generates {a!.

2. The closure of @. D . ©°, D *.

The {ollowing ligures show how to h-glue two compatible pictures generated by G, respectlvel\'

Sv  Se Sv Su Sv 8 K|S, Se  Sv 8o S Su Se
sh—a¥ ¥ A (X,E) 5 Y A X B
Sk ') 5h , F X e

G G
Sy > Sk
sim— RN . B
(E,Y) (E,Y) (E,YY CEY

The indicated combination #1585, of ¥ and S', possesses both features i.e. vertical synchronization of stop-
ping rightwards in p as well as restarting again in p'.

Without loss of generality suppose, except =, symbols in G and &' are disjoint. T.et

GG = (v, U, — {8, UELS e VUV ,8, (8.8 L RUTR W & UR
where except £, we introduce a new symbol £|8',:

R,UR, is constructed from R, and (R'); by replacing Y—=aE€ R, by Y—~a(E|S's) and 5" »—~aY' € (R');
by (E|R')—aY';

RUR =R @R,

For contrel constraints, except the usual ones, we add a synchronization in the A-shift of the A-production-
rules from G to ' which is rezlized by E|S',. Concerning the derivation order of G ) G’ the vertical scanning
is preferable.

G{D ¢ is still a (special kind of) grid grammar and clearly L(GX} L(G') is generated by GO G'.

The arguments for other three operations can be done in a similar way.

3. Union

©|v[
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G=0, UG, through disjoint union of variables (including starting symbols) and production rules. The con-
trol constraints have a new restriction: &;(7=1.2) rules are applied independently.

Claim G is & grid grammar and L(G) = (G ULG,).

4. Intersection

Define (=(7, X (s, through direct product .

Vi =VixXVi, V.. =Vi XV Ri: =R xRl R =RIXRE

S,=(84,55), §.=(81.589, and endmark is (E.E).

The control pattern is as usual but runs pair-wisely along each direction. Again ¢ is a grid grammar and L
(=L(CG)YULG:).

5. Projection

Suppose 7: 52", Defline (' ; = x((G) by replacing each (& 3} in {’s production rules by w(a) 1o obtain
rules in (', (' remains t¢ be a grid grammar, and #{L{G)}=L(G').

4.4 1(IN=C3 (Grid automata’s £.¥ (MP) definability)

Give An=(Z.Qvgo+6:.8:. )0 where @= {1+ - sgu_i !.

Similar to the case of words. where we introduce constant symbols for first and last positions''*!, here we
introduce three 1-ary predicates Top{x) ., Lef{x) and Tur(x) for fop-. left(mest)- and target- positions in dom
(F). respecrively. They are zll F()-definable.

Let vocabulary = {« .xg,Tup,Lef,Tar,Pd:aGMS} , where 2=23 J{#},P,s are i-ary relation symhals,

5758 are 2-ary relation symbols for vertical and horizontal successors.
Toplz) = 17 v, (v )EY |,
Lef(o)="19 ys,(y.23CY |,
Norm(z)= "1 (Top (3N Le/ (2= ysi{ysx) AT z5:(z.2) €T 1y lie. x€dom{p),

Tar(z) = 13 yila,) A 13 25l v)EY 1
Denote

g =Y al(Norm(or= ¥ P.GOA A 2 (Pl AP T

ag 3 a
el
do Y 2l A Norm (@Y= Fa (Y AT Py (o)
Py orr e s vam 0y o1 Y=Y xavez{Norm () As) (zhad As(yexd) A
I (P DA y=y) A =)~ [li\kx?ﬁy';jev 1
1

LFE T s 9, €0 (g ) 1d,1q )
) ] 195 2y

=gy A AP e [ ATep(y) ALef(ya) A qi\éf'f‘af{yr)]-

Now it’s clear that Ay acceprs pC Z** iHf B (viewed as r-structure) satisfies ¥.

Note. (i) In order 1o guarantec that the interpretation of P quantifier in ¥ is just what we need we should
ensure that the formula behind P-quantifier is universal (¥ ,—formuia).

(i) Using a technique in Ref. [12] we are able 1o reduce P?%in ¥ down to P!+ !, The LT (MP) specifi-
cations for stencil systems here are more succinet than those in Rel. [10]. We would say that partition logic is
more suitable for tiling (stencil) systemns and finite-state transirion systems.

Now we have proved that (also apply G-R’s Thm)

(2X2DTS=( X DISS=CA<CA,< LY (MPY<EMSO=PCFRE=TS.
PCFRESZGCGA,.
Hence GA,=CA=GC=(2X 2)TS=88 =Lt (MP)=PCFRE.

PHUFFEHRE  http:// www, jos, org. cn




8RO Journal of Software ¥ AFER  2000,11(7)

Final Remark. This work was donc in 1997, Later the author was kindly informed of two related

14.15]

warles* Particularly Matz introduced a morc complex combination of operations for pictures (than those

treated here and in Ref. [3]) » and more powerful notions for regular expressions with operators, and formulated
a context-free grammar to characterizing them. However, these grammars can’t guarantee in advance their final
products to be rectangular picture at all, and it remains open to design a particular class of regular expressions

with operators which just capture the class of REC, see Ref. [15]. They have been solved by grid grammars.
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