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Abstract: In general, most 3D parametric design systems use plane and sphere as basic tools to draw a 
three-dimensional diagram. In this paper, we introduce a class of new drawing tools: conicoid. The scope of 
three-dimensional diagram that can be drawn with conicoid is strictly larger than that with plane and sphere only. 
We prove that a diagram can be drawn with conicoid sequentially if and only if it can be described by a set of 
triangular equations of degree less than nine. Spatial Appolonius drawing problems can be completely solved with 
conicoid. 
Key words: geometric constraint solving; conicoid; parametric CAD 

Contemporary CAD (computer aided design) systems have been proven to be efficient for generating 
engineering drawings and modeling 3D objects. However, in the conception stage of the design process, most CAD 
systems still do not have all of the required flexibility. Designers are required to know beforehand the precise 
dimensions of the geometries, and changes are difficult. Nevertheless, in the product development cycle, several 
design changes are typically needed before the full requirements for functionality, manufacture and quality are met. 
Therefore, traditional CAD systems are not suitable for most conceptual design. These facts imply the need for a 
flexible tool for the conceptual design. A potential tool to meet these requirements is parametric design systems 
which provide the designers a way to create the initial design without knowing exact dimensions[1~3]. Moreover 
parametric design allows designers to make modifications to existing initial designs by changing parameter values. 
Parametric design has been incorporated into various CAD/CAM systems, such as Pro/Engineer and I-DEAS Master 
Series. This kind of parametric modeling systems have promised to revolutionize mechanical CAD/CAM systems.  

Geometry Constraint Solving (GCS) is the central topic in much of the current work of developing intelligent 
or parametric CAD system[4~9]. Geometric constraint solving also applied to solid modeling, graphics, engineering, 
computer vision, and many other fields. There are three major approaches to GCS: numerical approach, symbolic 
approach and constructive approach. In the constructive approach, a pre-treatment is carried out to transform the 
constraint problem into a constructive form[1,3,5,9,10] that is easy to draw. Once a constraint diagram is transformed 
into constructive form, all its solutions can be computed efficiently. Hence most parametric design systems adopt 
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the constructive approach as a basic scheme for GCS. Other approaches are used if the constructive approach fails 
to give a solution.  

Three-dimensional geometric constraint solving is a rapidly developing field. So far there exits little literature 
in this field. In Ref.[11] a graph-based algorithm is given for three-dimensional geometric constraint solving that 
only considers points and plane as basic geometric objects. In Refs.[12,13], a systematic framework is presented for 
solving algebraic equations arising in geometric constraint solving. The framework has been used successfully to 
solve a family of spatial geometric constraint problems. The approach combines geometric reasoning, symbolic 
reduction, and homotopy continuation. In this paper we will extend the rule-based approach proposed in Ref.[10] to 
solve 3D geometric constraint problems. In general, most 3D parametric design systems use plane and sphere as 
basic tools to draw a three-dimensional diagram. In this paper, we introduce a class of new drawing tools: conicoid. 
The scope of three-dimensional diagram that can be drawn with conicoid is strictly larger than that with plane and 
sphere only. We prove that a diagram can be drawn with conicoid sequentially if and only if it can be described by a 
set of triangular equations of degree less than nine. 

1   3D geometric Constraint Solving with Conicoid 

The geometric constraint problem considered in this paper is 3D, that is, geometric objects and geometric 
constraints upon the geometric objects are 3D. Geometric objects could be points, planes and spheres. Geometric 
constraints could be distance, angle, perpendicular, parallel, tangent, etc. 

1.1   Constructive sequence with conicoid 

A figure can be drawn with a plane, a sphere, and a conicoid if the points in the diagram can be listed in an 
order (P1,P2,…,Pm) such that each point Pi can be drawn using the following three basic constructions: 

(1) Construction POINT(P): takes a free point P in the space. 
(2) Construction ON(P,o): takes a semi-free point P on a geometric object o. 
(3) ConstructionINTERSECTION(P,O1,O2,O3): takes the intersection P of three geometric objects O1,O2,O3. 
In the above constructions, O,O1,O2,O3 are one of the three geometric objects: plane, sphere, and conicoid. 
We can obtain other constructions on the basis of the three basic constructions. For instance, LINE(P,Q) is the 

line passing through points P and Q; PLINE(R,P,Q) is the line passing through point R and parallel to LINE(P,Q); 
PLANE(P,Q,R) is the plane passing through points P,Q, and R. SPHERE(O,r) is the sphere with center O and radius 
r; PSPHERE(O,P) is the sphere with center O and passing through point P; DSPHERE(P,Q) is the sphere whose 
radius is line PQ. These are parts of the constructions corresponding to lines, planes, and spheres. In addition, we 
introduce three constructions corresponding to conicoid: HYPERBOLOID(P,Q,d) is the hyperboloid of revolution 
consisting of the points R satisfying ||RP|-|RQ||=d; ELLIPSOID(P,Q,d) is the ellipsoid of revolution consisting of 
the points R satisfying |RP|+|RQ|=d. PARABOLOID(PL,PO) is the paraboloid of revolution consisting of points R 
such that the distance between point R and plane PL is equal to the distance between point R and point PO. 

In order to use conicoid as a new drawing tool, we need to introduce three new constraints:  
SUM(R,P,Q,d): the sum of |RP| and |RQ| is a fixedvalue d, where R,P,Q are points. 
DIF(R,P,Q,d): the difference of |RP| and |RQ| is a fixed value d, where R,P,Q are points. 
EQU(R,PL,PO): the distance from R to PL is equal to the distance from R to PO, where R and PO are points 

and PL is a plane. 
Let us assume that P and Q are fixed points. The locus of points R that satisfy the constraint SUM(R,P,Q,d) is 

an ellipsoid of revolution whose focal points are P and Q. The locus of points R that satisfy the constraint 
DIF(R,P,Q,d) is a hyperboloid of revolution whose focal points are P and Q. The locus of points R that satisfy the 
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constraint EQU(R,PL,PO) is a paraboloid of revolution whose focal point is PO and directrix is PL. With these new 
predicates, we may use any constructive approach to find construction sequence for a 3D geometric constraint 
problem.  

1.2   Algorithm 

Since the work reported in this paper is closely related to the global propagation, we will give a brief 
introduction to this method. The global propagation approach[10] takes the declarative descriptions of a geometric 
diagram as input and tries to determine the position of a geometric object from not only the constraint involving the 
geometric object but also implicit information derived from other constraints. To determine the position of a point, 
first, find out the global information about this point; second, remove a constraint, and then, we would obtain a 
locus that this point is on; third, remove another constraint and we would obtain a curve that this point is on 
likewise. Hence we can determine the position of this point by computing the intersection of two loci. The global 
information needed in the propagation comes from a Geometric Information Base (GIB). The GIB for a 
configuration is a database containing all the properties of the configuration that can be deduced using a fixed set of 
geometric axioms. The details of the global propagation approach can be found in Ref.[10]. 

The global propagation approach in Ref.[10] is for 2D geometric constraint problem. In this paper, we will 
extend it to solve 3D geometric constraint problems. We define a 3D geometric constraint problem as follows 

[[Q1,…,Qm],[P1,…,Pn],[C1,…,Cm]], 
where Qi are the points whose construction order, Q1,…,Qm is given by the user; Pi are the points  
whose construction order will be determined by the program; and Ci are the constraints. 

The proposed method takes a 3D geometric constraint problem as input, and outputs a construction sequence 
for it. In the following, we will list the main steps of the method. 

1. For a constraint problem [[Q1,…,Qm],[P1,…,Pn],[C1,…,Cm]] let CT=[C1,…,Cm] be the constraint set, CS=Ø  
the construction sequence set, QS=[Q1,…,Qm] the points with given construction order, and PS=[P1,…,Pn] the rest 
points to be constructed. We assume that the problem is not over-constraint, i.e., we have | . 6||3| −×≤ PSCT

2. Build the GIB described as before. Then repeat the following steps first for QS and then for PS until both QS 
and PS become empty. 

3. Take a point P from QS or PS. With GIB we can decide the loci Lci of P satisfying  involving P, 
assuming all points constructed in CS are known. We then obtain a set of triples: {(P,T

CTT ∈

1,Lc1),…,(P,Ts,Lcs)}. We 
consider three cases. 

(1) CS=Ø. Point P is an arbitrarily chosen (free) point. We add a new construction CS=POINT(P) to CS. 

(2) There exist kji ≠≠  such that T kji TT ≠≠  and Lci, Lcj, and Lck are not parallel planes or concentric 

spheres or conicoids having no intersection points. We add a new construction CS=INTERSECTION(P,Lci,Lcj,Lck) 
to CS and remove Ti, Tj and Tk from CT.  

(3) Point P is a semi-free point that can move freely on a plane, a sphere or a conicoid. We add a new 
construction CS=ON(P,Lci) to CS and remove Ti from CT.  

4. Now we check whether the remaining problem is over-constrained, i.e., whether  ||3|| PSCT ×>

(1) If it is true, the construction sequence is invalid. If P is from QS, the order given by the user cannot be 
constructed and the method terminates. Otherwise, restore the removed constraints and repeat the preceding step for 
a new point from PS.  

(2) If it is not true, point P is constructed. We need to repeat the preceding step for a new point. 
The crucial step of the algorithm is how to determine the locus Lc in step 3. In the following, we will discuss 
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this in detail. In this paper we only consider three kinds of loci: plane, sphere and conicoid. For the case of 
conicoid, the details can be found in Section 1.1. 

For the case of plane, we first consider some partial properties for a plane P: (P1)P has a fixed direction; (P2)P 
passes through a known point; (P3)P is tangent to a known sphere. We thus have six possible forms to decide a 
plane: (P1,P2),(P1,P3),(P2,P2,P2),(P2,P2,P3),(P2,P3,P3),(P3,P3,P3). Some basic situations can lead to the three cases. 
For example, the basic situation P is parallel to a known plane will lead to the case P1. The basic situation there is a 
known point on P will lead to the case P2. The basic situations (1) P is tangent to a known sphere; (2) P cuts a circle 
with a fixed radius in a known sphere will lead to the case P3. 

For the case of sphere, we similarly consider some partial properties for a sphere S: (S1) The center of S is 
known; (S2) The radius of S is known; (S3) The center of S is on a known plane; (S4) The center of S is on a known 
sphere; (S5)S passes through a known point; (S6)S is tangent to a known plane; (S7)S is tangent to a known sphere. 
Consider the geometric constraint problem in Example 1. 

Example 1. Draw a plane passing through two 
known points A, B and cutting a circle whose 
radius is fixed on a known sphere O (See Fig.1). 
Since the plane cuts a circle whose radius is a fixed 
value on a known sphere O, by our above analysis 
the plane is tangent to a concentric sphere (the 
dotted sphere) of sphere O. We denote the 
concentric sphere by O’ and the tangent point by 
O1. Let r be the radius of sphere O, d the radius of 

the circle, then 2 2
1| |O O r d= − ,

1 1 ,OO AO⊥

which is the 

radius of the sphere O’. Since the plane is tangent 
to the concentric sphere O’,  

. Points O, A, B are all known, thus 

point O
11 BOOO ⊥

1 will be on the two spheres whose diameters are OA, OB respectively. Also, point O1 lies on the concentric 
sphere O’. Subsequently, we can construct the point O1 by INTERSECTION(O1,O’), DSPHERE(O,A), 
DSPHERE(O,B). Now, the plane need to be constructed is PLANE (A,B,O1).  

 
Fig.1  An example of geometric constraint problem 

1.3   Solving 3D apollonius’s drawing problem with conicoid 

Let us show how to use the algorithm to solve the three-dimensional Apollonius’s drawing problem. The 
geometric constraint problem is to determine a sphere satisfying condition (Ci,Cj,Ck,Cl) ( 1 ), where C3,,, ≤≤ lkji 1: 

the sphere passes through a known point, C2: the sphere is tangent to a known plane, C3: the sphere is tangent to a 
known sphere. 

There are altogether fifteen drawing problems. First, let us simply analyze the 3D Apollonius’s drawing 
problem below. Determining a sphere needs two elements: the center and radius of sphere. If we know the center of 
sphere, the radius of sphere can be easily obtained by computing the distance from the center of sphere to the known 
point, the known plane or the point on the known sphere. The key step is to determine the center of sphere. Note 
that the sphere satisfies four constraints. If we ignore two constraints, the remaining two constraints would 
determine a surface that the center of sphere lies on. Hence, we will have six surfaces for the remaining two given 
constraints and the center of sphere will be determined by computing the intersection point of three surfaces. 
Subsequently, as long as we know surfaces determined by any two constraints, we will know the position of the 
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center of sphere and solve the 3D Apollonius’s drawing problem. 
According to the three given constraints, there are altogether six cases (C1,C1),(C1,C2),(C1,C3),(C2,C2), 

(C2,C3),(C3,C3). The center of sphere that satisfy (Ci,Cj) will be a surface. We call the surface center surface. In the 
following, let us consider these cases in detail. 

(C1,C1): The sphere passes through two known points. The center surface is the perpendicular bisector of the 
segment between the two points. 

(C1,C2): The sphere passes through a known point and is tangent to a known plane. In this case, the distance 
from the center of sphere to the known point equals the distance from the center of circle to the known plane. 
According to the constraint EQU(R,PL,PO), the center surface is a paraboloid of revolution whose focal point is the 
known point and directrix is the known plane. 

(C2,C2): The sphere is tangent to two known planes simultaneously. If two known planes are parallel, the center 
surface is a parallel plane equidistant with two known planes. Otherwise, it is the two planes passing through the 
intersection of the two known planes and the two angles respectively formed by the two planes and the known 
planes is equal. 

(C1,C3): The sphere passes through a known point and is tangent to a known sphere. Different positions of the 
known point and sphere will result in different center surface. When the known point is outside the known sphere, 
the absolute value of the difference between the distance from the center of sphere to the known point and the 
distance from the center of sphere to the center of known sphere is a fixed value. Hence according to the constraint 
DIF(R,P,Q,d), the center surface is a hyperboloid of revolution whose focal points are the known point and the 
center of known sphere. When the known point is inside the known sphere, the absolute value of the sum of the 
distance from the center of sphere to the known point and from the center of sphere to the center of known sphere is 
a fixed value. Hence according to the constraint SUM(R,P,Q,d), the center surface is an ellipsoid of revolution 
whose focal points are the known point and the center of known sphere. When the known point is on the known 
sphere, the surface is the line passing through the known point and the center of the known sphere. This is a special 
case, since surface is a line. In the following, in order to be brief and clear, we only give the conclusion and 
corresponding constraint without analyzing.  

(C2,C3): The sphere is tangent to a known plane and sphere simultaneously. When the known plane and the 
known sphere are intersecting, the center surface is a paraboloid of revolution whose focal point is the center of the 
known sphere and the directrix is a plane  having fixed distance to the known plane. When the known plane is 
tangent to the known sphere, the center surface is the line perpendicular to the known plane and passing through the 
center of the known sphere or the paraboloid of revolution whose focal point is the center of the known sphere and 
the directrix is a plane having fixed distance to the known plane. When the known sphere and the known plane are 
separate, the center surface is the paraboloid of revolution whose focal point is the center of the known sphere and 
the directrix is a plane having fixed distance to the known plane. 

(C3,C3): The sphere is tangent to two known spheres simultaneously. When the two known sphere are tangent 
and the unknown sphere and the two known spheres are tangent at the same point, the locus is a line passing 
through the center of two known spheres. When the two known spheres are interior tangent and the three spheres are 
not tangent at the same point, the center surface is an ellipsoid of revolution whose focal points are the centers of 
the two known spheres. When the two known spheres are intersecting and the unknown sphere is an inscribed 
sphere of one known sphere and a circumscribed sphere of another known sphere, the center surface is an ellipsoid 
of revolution whose focal points are the centers of the two known spheres. Except the cases above, the center 
surface is a hyperbola of revolution whose focal points are the centers of the two known spheres. 

Example 2. Now let us give the construction sequence of one of Apollonius’s drawing problems, the 
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construction sequence of the others can be obtained similarly. Suppose the given constraints are (C1,C3,C3,C3). 
Based on the above analysis, the center of sphere is the intersection of three hyperbolas. Hence this problem has 
eight solutions, we only list one of the construction sequence, the other solutions can be obtained similarly.  
Assume that the known point is A, three centers of the known spheres are O1,O2,O3. The radii respectively are 
R1,R2,R3 that satisfy R1>R2>R3. The spheres are all separate and the known point is outside the spheres. We 
essentially need one construction INTERSECTION(O), HYPERBOLOID(O1,A,R1), HYPERBOLOID(O2,A,R2),  
HYPERBOLOID(O3,A,R3) to find the center of sphere O. The radius of the sphere can be obtained through 
computing the distance from point O to the known point. 

2   Scope of 3D Geometric Constraint Solving with Conicoid 

Corresponding to the construction order of points in the diagram, there is a construction sequence 
(CS1,CS2,…,CSm), where CSi is one of the constructions defined in Section 2.1. Algebraically, each CSi corresponds 
to a system of algebraic equations. Hence, a construction sequence corresponds to a system of algebraic equations. 
Since planes, spheres and conicoids are functions of points, we need only consider points. In the following, we will 
go into more detail about it. 

First, let us consider the three basic constructions. If P is introduced by POINT(P), and P is a free point, no 
equation is introduced. If P is introduced by ON(P,O), we need one algebraic equation, f(u,v,x)=0 to describe P, 
where u, v are parameters and x is a variable. For given u and v, we can compute x from f(u,v,x)=0. Hence f(u,v,x)=0 
will cause infinite solutions. The construction INTERSECTION(P,O1,O2,O3) will produce a system of algebraic 
equations: 

1 1 2 3

2 1 2 3

3 1 2 3

( , , ) 0
( , , ) 0,
( , , ) 0

f x x x
f x x x
f x x x

=
 =
 =

 

where fi(x1,x2,x3)=0 (i=1,2,3) are the equations of the three geometric objects respectively. 
Let FS be the system of algebraic equations produced by the construction sequence (CS1,CS2,…,CSm). Based 

on the Wu-Ritt’s zero decomposition algorithm[14], FS can be transformed into a system of algebraic equations TS in 
triangular form : 

1 1 1

1 1 1 2

1 1 1

( ,..., , ) 0
( ,..., , , ) 0

...

...
( ,..., , ,..., ) 0.

q

q

q kl

F u u x
F u u x x

F u u x x

=
 =




=

 

Since the variables are introduced at most three by three, by the Bezout Theorem, .  )1(8)( liFDegree i ≤≤≤

We have proved that a construction sequence of planes, spheres and conicoids will lead to a triangular set of 
polynomials with degree less than nine. Now, we will prove that each triangularised polynomial equation with 
degree less than nine can be generalized by a construction sequence of planes, spheres and conicoids. Note that we 
need only solve a univariate equation with degree less than nine in the process of solving TS. Hence we only need to 
prove that the root of any univariate equation with degree less than nine can be constructed with planes, spheres and 
conicoids. 

Theorem. Any points whose dimensions are the roots of univariate equations of degree less than nine can be 
constructed with planes, spheres, and conicoids. 

Proof.   Here, we only give the proof of the case of degree eight. The other case can be similarly proved. Let 
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the equation be 
p(x)=x8+ax7+bx6+cx5+dx4+ex3+fx2+gx+h, 

where a, b, c, d, e, f, g, h are numerical coefficients. We can construct three conicoids as follows: 
 f1(x,y,z)=xy-1, (1) 
 f2(x,y,z)=yz- (x-c2)2, (2) 
 f3(x,y,z)=(x-1)2+c1y2+z2+c3xy+c4yz+c5xz+c6x+c7y+c8z, (3) 
by equation (1), we have 
 y=1/x, (4) 

by equations (2) and (4), we have  
 z=x3-2c2x2+c2

2x2 , (5) 
substituting y,z for equations (4) and (5) into equation (3), we obtain 

8 7 2 6 3 5 4 2 4
2 5 2 8 5 2 2 2 8 2 4 5 2

3 2 3 2 2
6 5 2 2 4 8 2 3 6 2 4 2 7 3 2 1

( ) 4 ( 6 ) ( 3 4 ) (1 2 3 )
( 2 ) ( ) ( ) .

p x x c x c c x c c c c x c c c c c c x
c c c c c c c x c c c c c x c c c x c

= − + + + − − + + − + + +
− − + + − + + − +

 

Comparing the coefficients of q(x) with that of p(x), clearly, the roots of p(x) can be constructed by three conicoid:  

2

2 2 4 6 3 2 2

2 4 3 5 2

2 5 7 3 4 3

1 0,
1( ) 0,
4

1 1 3 1 1 3( 1) ( ) ( )
4 256 4096 64 16 8

3 11 1 1 7 1 3 1( 1) (
16 256 2 16 512 2 16 2

1 1 1 3 1 1( 64
4 16 1024 16384 256 64

xy

yz x a

x hy z f ae a b a a c a xy b a xz

d a b a ac yz e a b a ad a c a x

g af a e a b a a d a c a

− =

− − =

− + + + − + − + − + − +

+ − − − + − + − + + +

− + − + − + +

)

33 7) ( ) 0
4 32

y c ab a z .+ − + =

 

3   Conclusion 

In this paper, by introducing conicoid as a new drawing tool, we broaden the solvable scope of GCS with 
constructive approaches. With planes and spheres only, we can draw a figure that can be described by a sequence of 
equations of degree less than three. After adding conicoid, we can draw a figure that can be described by a sequence 
of equations of degree of less than nine. Moreover, note that to draw a figure with planes, spheres, and conicoids, 
we need to solve a sequence of equations of degree less than nine. Conversely, any sequence of equations of degree 
less than nine can be obtained by a construction sequence of planes, spheres, and conicoids. 
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用圆锥曲面求解几何约束问题 

蒋  鲲 1,2,  高小山 1 

1(中国科学院 数学与系统科学研究院,北京  100080); 
2(黑龙江大学 理学院,黑龙江 哈尔滨  150080) 

摘要: 通常大多数三维参数化 CAD 系统都只用平面和球面作为最基本的作图工具,这在某种程度上限制了三
维参数化 CAD系统的作图范围.通过引进一类新的作图工具,使得三维参数化 CAD系统的作图范围得到扩大. 
同时证明了一个三维几何图形可以用平面、球面和圆锥曲面构造出来的充分必要条件是这个三维几何图形可

以用一个三角化的次数小于 9 的代数方程组来描述 .通过引进圆锥曲面作为新的作图工具 ,著名的三维
Appolonius作图问题可以被完全求解. 
关键词: 几何约束求解;圆锥曲面;参数化 CAD  
中图法分类号: TP391      文献标识码: A 
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