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Abstract:  Constrained optimization problems (COPs) are mathematical programming problems frequently
encountered in the disciplines of science and engineering application. Solving COPs has become an important
research area of evolutionary computation in recent years. In this paper, the state-of-the-art of constrained
optimization evolutionary algorithms (COEAs) is surveyed from two basic aspects of COEAs (i.e.,
constraint-handling techniques and evolutionary algorithms). In addition, this paper discusses some important issues
of COEAs. More specifically, several typical algorithms are analyzed in detail. Based on the analyses, it concluded
that to obtain competitive results, a proper constraint-handling technique needs to be considered in conjunction with
an appropriate search algorithm. Finally, the open research issues in this field are also pointed out.
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COPs)

’ 1

(evolutionary algorithms,

(simulated annealing, SA) (tabu search, TS)
: , ( )
10 ) )
(constrained optimization evolutionary algorithms, COEAs)22, ,2006 ~2008
(IEEE Congress on Evolutionary Computation) Special Session.
1) ,
(2 :
@)
minimize  f(X) X=(X,Xy,.... X,) € %" ( (9)]
subjectto  g;(X)<0,j=1,...,|
h;(X)=0, j=1+1,....p
,XefcS 0 ,S Y S o A@)<x<u (i), I(i),u(i)
Ji=1,...,n. f(%), 9;(X), h;(X) 9 n , (%) ,9;(X)<0 j ,
h;(X)=0 j A p-1
1.0 (2) (feasible region)
2={xeS|g;(X)<0,j=1...1;h;(X)=0,j=1+1..,p} (1)
Q s (1) : -1
S Qo 9;(X)=0@e{L,....1}),  g;(X) X
(active). , h;(X) (=1+1,....p) 0
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Fig.1 Search space S and its feasible region 2
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1 S 0
4 . , n m
(multi-objective optimization problems, MOPs):
min  § = (%) = (£(X), ,(%),.... £, (%) ( @

X = (X, Xgpeen Xy ) € X < 92" X ,yeY ™ Y

2(Pareto (Pareto dominance)). X, € X Pareto X, € X, X, <%,
1) vie{l,....m} fi(X%,) < fi(X);
2) EIJE{l,,m} fj(xu)< f]()?v)

, X, Pareto (dominated by) X, - X, X, Pareto

, (non-dominated).

3(Pareto (Pareto optimality)). X, € X X Pareto , —3X, e X
X, <X, .

4(Pareto (Pareto optimal set)). f (%), Pareto (o)

p={%, e X|=3X, e X,X, <%}

Pareto .

5(Pareto (Pareto front)). f(?() Pareto (p"),Pareto

(o) pt*=li=fx)I% €p}.
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, X ]
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Gi(x):{max{o,|r:j(>z)|—5}, l+1<j<p ©)
G(X) =) LG,- (X) 4
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: : G(X)
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fitness(X) , )
G(x). :
) . [4]
fitness(x) = f(X)+ 2.7 ;G (%) 7
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f(X), if feasible
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1, if g;(x)<0
g (X)=11-g;(X)/b;, if 0<g;(x)<b (11)
0, otherwise
- 1—|hj(>?)|/bj, it |h;(X)I<b;
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Lagrangian min-max Lagrangian
La(k i 2 p) = T () + 30, (ot )+ ATHR) + p 30 1 (R) (18)
v I A (-l Py (19)
1 (R +pgf (@), 1 9i()2-p/20
pi (X, 1y, p) = . . (19)
—yi2/4p, if g (X)<-u/2p
Lagrangian , min-max
miin n/jla}x L(X, 2, Z, p) (20)
Subjectto 4 20, i=1..,1 (21)
A=0, i=1+1..,p (22)
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0 23) . @.4)
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3 ,Mezura-Montes  Coello Coello!*! (  (u+1)-ES
(/.l+,ﬂ,)-ES (lu+lﬂ“)'ES) . '
: (
)2 . ‘ .
, (partial swarm optimization)? (differential evolution)®® (cultural
algorithm)[®4 Eberhart  Kennedy™ 1995
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’ ‘ Beliefs
, 2 Acceptance Influence Perf
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Storn  PriceP®® 1997 : function
’ _-/.. e - a } ‘
' \ Population '
.Reynolds®” 1994 , selection
p Variation
(population space) (belief space) Fig.4 Framework of cultural algorithm
) 4 4
: (
acceptance influence )
4
41 f(X)
f(X) (222 ),
A ’ f (X)
f
Solid t ' '
/ ol segmen Pareto £ 1 (X)
f(X) ( G(X)=0),
/,‘ Pareto front ) f(X) :
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. (multi-objective evolutionary algorithms)
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4.2
[33] . 1, [58] . 0. ,
6(a) ) 3 ) €1,€2
€3 . , e , e ) €3
' [30] €2 :
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) €1 €2
‘A ‘A ‘A
1 ® [ ] o
[ ]
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. . ° ° 31 . . .
ell . . [ ] . . 3
° ° ) ® 2o
.
e . e e ®
z z ®
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@ (b) (©
( e1,e2  €3) ( e1) ( e1,62  €3)
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6
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Pareto
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4.3 Pareto
Pareto ,
7 7 )
) ) . , Pareto
: ; ( 7 ) ;
, Pareto , ) ,
Objective function
Search space
Feasible region
z
Fig.7 Schematic diagram of the search space, feasible region and objective function
7
4.4
[16]
%8, Pareto 1) Pareto ,
p ' X\ % Pareto . 2) rand<py, ,
; rand>py, ,
Pareto , o . ,
5
5.1
, 13 (benchmark) (001~9g13)
( [16]). 1
Table 1 Characteristics of 13 benchmark test functions
1 13
Function n Type of f £ (%) LI NE NI a

go1 13 Quadratic 0.000 3 9 0 0 6

g02 20 Nonlinear 99.996 5 1 0 1 1

go3 10 Nonlinear 0.000 0 0 1 0 1

go4 5 Quadratic 26.9356 0 0 6 2

go5 4 Nonlinear 0.000 0 2 3 0 3

go6 2 Nonlinear 0.006 4 0 0 2 2

go7 10 Quadratic 0.000 3 3 0 5 6

go8 2 Nonlinear 0.864 0 0 0 2 0

g09 7 Nonlinear 0.5256 0 0 4 2

g10 8 Linear 0.000 5 3 0 3 3

g1l 2 Quadratic 0.000 0 0 1 0 1

g12 3 Quadratic 0.0197 0 0 93 0

g13 5 Nonlinear 0.000 0 0 3 0 3

N LI ,NE NI
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(26)

. [S|=1000000.

Table 2 Comparison of results provided by 7 algorithms on 13 benchmark test functions (NA=not available)

2 7 13 (NA )
Function/ Status Methods
optimal SAFF™I SMESPY RY™ IRYZ aSimplex®1 CDE™ cwrl
Best ~15.000 ~15.000 ~15.000 ~15.000 ~15.000 -15.000 ~15.000
01/ Mean ~15.000 ~15.000 ~15.000 ~15.000 ~15.000 ~15.000 ~15.000
~15.000 Worst  —15.000 ~15.000 ~15.000 ~15.000 ~15.000 ~15.000 ~15.000
st. dev 0 0 0.0E+00 1.3E-13 6.4E-06 2.0E-06 1.3E-14
Best  -0.80297 -0.803601  -0.803515  -0.803619  -0.803619  -0.803619  —0.803 619
g02/ Mean  -0.79010  -0.785238  -0.781975  -0.772078  -0.784187  -0.724886  —0.803 220
-0.803619  Worst  -0.76043  -0.751322  -0.726288  -0.683055  -0.754259  -0.590908  —0.792 608
st.dev  1.2E-02 1.7E-02 2.0E-02 2.6E-02 1.3E-02 7.0E-02 2.0E-03
Best ~1.000 ~1.000 ~1.000 -1.001 ~1.001 -0.995 -1.000
03/ Mean -1.000 ~1.000 -1.000 -1.001 -1.001 -0.789 -1.000
~1.000 Worst ~1.000 ~1.000 -1.000 -1.001 ~1.001 -0.640 ~1.000
st.dev  7.5E-05 2.1E-04 1.9E-04 6.0E-09 8.5E-14 1.1E-01 2.8E-16
Best —30665.50 —30665.539 —30665.539 —30665.539 —30665.539 —30665.539 —30 665.539
904/ Mean 3066520 -30665.539 -30665.539 —30665.539 30665539 -30665.539 —30 665.539
-30665.539  Worst -30663.30 30665539 -30665.539 —30665.539 30665539 -30665.539 —30 665.539
st.dev  4.9E-01 0 2.0E-05 2.2E-11 4.2E-11 0 8.0E-12
Best  5126.989  5126.599 5126.497 5126.497 5126.497 5126.571 5126.498
g0s/ Mean  5432.080  5174.492 5128.881 5126.497 5126.497 5207.411 5126.498
5126.498  Worst  6089.430 5 304.167 5142.472 5126.497 5126.497 5327.391 5126.498
st.dev  3.9E+03 5.0E+01 3.5E+00 6.2E-12 3.5E-11 6.9E+01 1.5E-12
Best -6961.800 -6961.814 -6961.814 —6961.814 —6961.814 -6961.814  —6 961.814
906/ Mean  -6961.800 -6961.284 6875940 —6961.814 -6961.814 -6961.814  —6961.814
-6961.814  Worst -6961.800 —6952.482  —6350.262  —6961.814  -6961.814  -6961.814  —6 961.814
st. dev 0 1.9E+00 1.6E+02 6.4E-12 1.3E-10 0 1.8E-12
Best 24.48 24.327 24.307 24.306 24.306 24.306 24.306
o7/ Mean 26.58 24.475 24.374 24.306 24.306 24.306 24.306
24.306 Worst 28.40 24.843 24.642 24.308 24.307 24.306 24.306
st.dev  1.1E+00 1.3E-01 6.6E-02 2.7E-04 1.3E-04 1.0E-06 5.7E-12
Best  -0.095825 -0.095825  -0.095825  -0.095825  -0.095825  -0.095825  —0.095 825
908/ Mean  -0.095825 -0.095825  -0.095825  -0.095825  -0.095825  -0.095825  —0.095 825
-0.095825  Worst  -0.095825 -0.095825  -0.095825  -0.095825  -0.095825  -0.095825  -0.095 825
st. dev 0 0 2.6E-17 4.2E-17 3.8E-13 0 3.2E-17
Best 680.64 680.632 680.630 680.630 680.630 680.630 680.630
909/ Mean 680.72 680.643 680.656 680.630 680.630 680.630 680.630
680.630 Worst 680.87 680.719 680.763 680.630 680.630 680.630 680.630
st.dev 5.9E-02 1.6E-02 3.4E-02 4.6E-13 2.9E-10 0 4.7E-13
Best 7061.34 7051.903 7 054.316 7 049.248 7049.248 7 049.248 7049.248
g10/ Mean 7627.89 7 253.047 7559.192 7 049.249 7.049.248 7.049.248 7.049.248
7049.248  Worst 8 288.79 7 638.366 8 835.655 7.049.296 7.049.248 7.049.248 7.049.248
st.dev  3.7E+02 1.4E+02 5.3E+02 4.9E-03 4.7E-06 1.7E-04 4.0E-09
Best 0.750 0.75 0.750 0.750 0.750 0.750 0.750
gl1/ Mean 0.750 0.75 0.750 0.750 0.750 0.758 0.750
0.750 Worst 0.750 0.75 0.750 0.750 0.750 0.796 0.750
st. dev 0 1.5E-04 8.0E-05 1.8E-15 4.9E-16 1.7E-02 0.0E+00
Best ~1.000 ~1.000 ~1.000 ~1.000 ~1.000 ~1.000 ~1.000
g12/ Mean ~1.000 ~1.000 ~1.000 -1.000 ~1.000 -1.000 ~1.000
~1.000 Worst -1.000 -1.000 -1.000 ~1.000 ~1.000 ~1.000 ~1.000
st. dev 0 0 0.0E+00 9.6E-10 3.9E-10 0 0.0E+00
Best NA 0.053 986 0.053 957 0.053942  0.0539415  0.056180  0.053 949 8
913/ Mean NA 0.166 385 0.067 543 0.096 276  0.0667702  0.288324  0.053 949 8
0.0539498  Worst NA 0.468 294 0.216 915 0.438803 04388026  0.392100  0.053 949 8
st. dev NA 1.8E-01 3.1E-02 1.2E-01 6.9E-02 1.7E-01 6.5E-17
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2 (best) (mean) (worst) (St.dev). 7
SAFF(self-adaptive fitness formulation)*), SMES(simple multimembered
evolutionary strategy)?! RY (Runarsson and Yao’s algorithm)™® IRY (improved Runarsson and Yao’s algorithm)?®,
aSimplex®! CDE(cultured differential evolution)®  CW(Cai and Wang’s algorithm)*.
, 13 , g02 ,
; 903,905,911 913 , ;

2, )
, . 2 ,SAFF,.SMES RY
JIRY  aSimplex ;CDE
;CW , ,
5.2
(1) . ,
( (2)). , , S . ,
) S , ,
. [21] S, [59]
s [60] S 5
2) : , .
Mezura-Montes!®!
| ’ l [61].
©) - , : (memetic algorithms)!®? ,
[63].
4 : , . ,
[64]
(5) : , ,
, s [65,66] ,
(6) . [67]
[68] . . a1
, Pareto . , ,
Pareto , ,Pareto . )
) : , .
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