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Abstract: Regularized Boolean operations have been widely used in 3D modeling systems. In recent years, Boolean algorithms based on
triangular polyhedron show the distinct advantages aligning with the development of graphic hardware, as their outputs can be processed
by graphic hardware directly. But most existing methods rely on localized evaluation strategy over constructive solid geometry (CSG) tree
perform regularized set operations. As a result, these methods cannot guarantee robustness while synchronously keeping high efficiency,

because a facet may repeatedly split up in the splitting phase and the facets classification is carried out between the split polyhedrons by
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triangulation. In this paper, a novel algorithm is presented to realize robust, exact and fast regularized Boolean operations through global
evaluation of CSG tree. The algorithm is comprised of two steps: adaptive lazy splitting and globalized facets classification. The two steps
aim to optimize splitting and facets classification phases of the regularized Boolean algorithms on triangulated polyhedrons respectively.
In the adaptive lazy splitting phase, a lazy splitting strategy is applied to the whole CSG tree by coping with all intersection cases of
triangular facets in order to eliminate the accumulation of number errors. In the meantime, an adaptive octree is employed to speed up the
intersection test process. In the globalized facets classification phase, to ensure the accuracy of classification, the classification method is
always executed between the split facet and the original input polyhedrons by divide and conquer algorithm. The performance of
classification is further optimized by combining the grouping classification strategy and the octree. Experimental results demonstrate that
the proposed approach cannot only guarantee the robustness of Boolean computations but also achieve better performance than existing
approaches. Thus, the algorithm offers wide-ranging usage in for interactive modeling systems, such as digital sculpture, and CAD/CAM.

Key words: Boolean operations; triangular polyhedron; constructive solid geometry; lazy splitting; adaptive octree
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Fig.1 Shows an example of CSG decomposition
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Table 1 Evaluation rules for a CSG tree that only contains facets from all external nodes of an octree
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Fig.2 2D illustration of subdividing two polygons by adaptive octree.

Cyan denotes exclusive cells; orange denotes intersected cells; and yellow denotes inclusive cell
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Fig.3 An example of intersection between a triangle and two triangles from two different intersected cells
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Fig.4 An example of different regions on each polyhedron constructed by an adaptive octree.
Green, pink and yellow denote the external, internal, intersected region respectively
B4 FIRT R Y\ SRR 3 AN A58 2 81) 53 Al PR AS [ D3 4817
B NE SRS CONI v W L R By N L L B R

4.12 AR Rk

TR Af 7K 3 B0 AR A b P 5 S eSO A N ABE TR 1 b 5 03 e R ) DG B 1 B ] A e P I ) S
TUTAT v PR A A2 D08 i JE S ATy £ e S U000 5 1 P 65 A 2 ) AR A0\ SO PR 5T 4, S0 A AT K B £ J\
SORAEAN AR A G5 i N T SEBL T AE LV I 18] P9 58 JO0T A 1T BRAR A BRI 3158 2 A el iU S 47 i 43R
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I S 45 3 CSG WA AR Bk 11

SCHR[2 714 H 149 S 38 1) ) 575 AN PR - A B 3 A A5 200 %) L R 33K i FRT N ABE 2R %) == 0 T 2 W) 52 T ) - 4
P2 T, () — A8 28 ) 7 W A T AN A2 B AR B3 B (10175 00, DR b, 2 — AN Tl 3 R 59 — AN L 0 2 AN T AR AS
I, 22 A AHAE 28 B2 [ A 0] 8 T B A8 ST 24 22 P AN I A AS I AR AS 28 B 2 R A7 4F 36 2 PP AR RS ek 588 1)
Rk, VR 0 ZR AL P A I U5 U X A R AR SRR R R A CSG R AT PRAIE B ORI I LA K38 B 6 s
[ DB 53 41, 1% 07 YRR A AR I SR TR = 1 BB IR0 2 8 AE A 2 00 T P9 388 T 50K = A T B3 AN B 45 A 9] 1)
149 249 B 4% A1, AT Wik 2 0 50 e B 28 o = A1 T 1A B0 AT, AT (R IE 9 R B, 1 K R A 4 (A 25 o R 40 1T 1)
R R A R AT AR R S8 A VAT, WU R A I SR I = A, — 5 K 5 0T 500 1% 2 DA T T A R 850 1
SRR 5 — 5 T, A5 I J5 10 22 3 % 1T fi 2 191 22 3000, AN TG 34k — 25 18 0 1) 0 B0 1) 52 2 kL DR b AR S 1 v O
ANy LTI 1 = AR 02 T 3 S B U SR DS 1 = 9 T RAIE T S50 1 8 e 1 R

(a) JET 3 AR 1 AR AZ 1 B (b) AHAZE B Ak 2

Fig.5 An example of triangular facets intersection and handling

K5 ZAN A A AS R BUR BRI 451 1
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XF TR IR BN (TL,T) A =M1 a A1 b, ,ae T,be T SRR a A1 b (146 74 Bl & 2 15 A
AL, A ANAHALS, I GH A ThT 545 FHAZ R SCRR[33 18 AT VA AT =M B A =B Z 1B IR, 4 e 1 b A1AS
I SR SR I @ R b A A7 AE A ORI (0 ) T R A7 — Yl A BEIKI HR Ly A0 Ly, WUERANAEAE, U B AH G 1
G ICHe a b IR G4 3 — AR A ) 5 43 S N B R IR 51 6 b ARG BB AL 3] o RN b AHAZ R BUER T I
BENRZE BL sCHAZ T — A RS D0 B 20w LLUIGE B 7 28 A R ey da 345 SR 1 T L 5Ly, 1 8 BUREAE A DRI B Bl i
LRI, JX LA HON A BEAE SR B 1T 24 VP AL HE e Ali /KIS 5L o T BEAN 22 AR KT AR AL BRI s Rl BEAN 31
R O LB B B K s B 4 3 o R b (BR8] J5 L2505 L, R Ly, o T A 8 BEEAT AR AW
BUIF M R AZ BT B 15 DL A RE DR UE S0 (K TE A 1

2 WOR T PR BOAH AS B B (1 45 el 100 LA R A B 7325, H s R s 75 a B b RS A ) (R 0,1 A0S Y
PR LB 5 W T a 23 3RS T AR by e AHASHI B3~ A% B T ,a R b IFIAZ LB 1, B4
AFAETFHIRL, M a R e AAZIRIN, i T2k Be L A L ARAZ T A3 50 ¢ MG 2 ITH0KG L A Loy 50 30 BF H5
Las T Lo L SEERS REAS FHAZ 5 AT SRABL R 4584, 1. 2 56 B\ SO BT AR AT 45 ki iR AL B

HT 7 SR S 35 70 50 SR AR A2 5 e P TR TR B0 A A 7R3 S R o DR AN, DR IR A K £ i) e I )
O(W) SEH R N B kS R R (2 = T B e T RS AR AL S R T A R
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Table 2 An example of two segments intersection or overlapping processing
T2 PIARE BO A B B 1) 45l DL S A 2
RS2 B Ak B0 25 R ]

SH A EL LB W ER

SRy S s 5 RS
LI I PIB

SH I BRI ESHHH
EF0 o MW B

s EE L.
S'HEE I W5 N 3 B

158 ELE ',
I T30, W0 3 B

SR AHAS TR AL R0 AR P AH RS
S 4 R B

1B 3 s AN " AR AE s 48 23 A P BL

A AT

1
s \<
/ s’

\< s K3 AR 1A 5 A B

413 TH A DI

FEIX A B, B AT FHAS 45 5 P IO T © 28 58 AR AT IR, AH . 10 A AT £ B4t 2 4 2 It o AR N T H 1)
B e X BB AR AT £k B AR SU T = A R R T2 BRIk I A AT 2 M A T s BBOAH A 28 1 A 46 B . TR 0k T A 1)
DIVl 8 ok A7 240 SR 1) — i A 1) B TR S A RS A R AN T R @ RERIAHAS 2R B &R L, AT 77 LR 1K — A1 5 43
FJERE AR B = RSB o AN B ETE R 3R 5 H AR R R AR B s ol th T L,
T R B T e s T IR T R D) B el 0t — 2 TR A g i 2 AR = A 43 1) A S B S DR R Al R
4k Delaunay = #f #5304, SCHR (3514 FHR VLS T HATIXFE M) = AL RE, Horp L, R I 4 BEE LT BT 1)
LR = A0 ) 4 AR B R UUR = f T a A e [T i A A bR 2R
42 =RYERHZE

I\ SR A5 FHAZ 45 0 TP R SEE 3B D) 0 S50 DD 30 i 48 AN AR A X S D) 55 1 TR A R —#R CSG 1
B SALL I, I A7 P 38 45 e R T A RS 55— AR CSG 48, DR T Ay 70 AN i 3K 4 R A8 o T AR - LA A
TR 2R 28 LU e s A2 1 K O B A R R SR b R I T 2, 550 A ) Ay PAY S 85 v R B PR AR I )
TPy 422 i Je8 45 . 3 241, 53 SN AN 2 H A — A 1T Py B AT 0 A 17 75 21 2 28 v i £ 5% 3R 3K bl 4L 2 SR S
RKAMAL T 50 2RI PR RE.

HT T AT AN P A SRR A, T A0 A X% 18 9 3 DI A 490 o Al 2 — A T [0 50 1 22 T4 2 TR G R

I3 RELIEAN R ORAE A AR TR 5 5 1 41 22 TR K2 ARSI VA B T Jm VP Al SRS, 72 F8AE CSG MHAE— A
G5 RIS 1 5 RIS K BT 2 ) LR AT . 24 1 45 R 45 R I 45 5 s IR R D)3 R B 2 1 45
R FR )45 RN 2% 45 0 3RS (R 0 7 B 93 SIS 1R 45 R R R 1) 2 S 5 RO A A5 4 e s TR R R 7 7 Al
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LR SR, IF BARE BOMAT AL R & BURE TR OB I 25 R il T U135 BRI B 2 T Rk IR
R IX P 3 BURA M RE A T T R

Ohy T 3 G 3K S i ) ER B AR SO T S VR I A 20 S S AE DD IS AT AN s g i A AR 2 A AT A
TERE CSG T I AEAN i 45 AL 55 RN CSG RS B I 25 s v B s i AR 1) 5 D 4 5 — /M 2R i T
LR TP IRVE I Ay SRR SR HIMT ¢ ARG, RO L o0 B 0 n AT & R R A BT, IR ¢ (0 B0 n
o I JE G A AR 2 ) () 6 RS UL B 43 AR ¢ R0 (R 28 A PR R R 2 Tl ) 96 BRI I A i R — T
) BEAT LB 45 R RO e 3 R S 5 ) T R R R NS BEAT 2328, R R A R AT A 0 B S 4 A
G AR E A R I8 ST ATIGE SCRITRENIR i (LR 3~38 5)F 3 73 2845 ROX A S5 R — BAL AL i 2
133 ¢ F0 o0 1853 28 25 R BRIV I R R 7R 50 1 v gy 34 b i3 Combine LA n b & ST /RIS AF A K A A
TR 5285 BN ARYE R 3~ 5 e SUIRUUAF 2] ¢ A1 n (152845 1.

Table 3 Classification relation between model C and AU*B

RT3 BA C T I AO*BIR 4> K R

CinB Cout B Cwith B Canti B
Cin4 In In In In
Cout 4 In Out With Anti
C with 4 In With With In
C anti 4 In Anti In Out

Tn S S TR E 48 DT P ;Out A& T 7 B BIBE AL A1 With i 55 100 1 A0 e USRS I EL 1) e — B
Anti S ST AN PSEARY SC T (ELVA 1) AR

Table 4 Classification relation between model C and AN*B

&4 B C Pl AR An*BI¥ 7y KO0 R

CinB Cout B C with B Canti B
Cin4 In Out With Anti
Cout 4 Out Out Out Out
C with 4 With Out With Out
C anti 4 Anti Out Out Anti

Table 5 Classification relation between model C and A—*B

RSB C P T ADE A-*B 1)K

CinB Cout B C with B Canti B
Cin 4 Out In Anti With
Cout4 Out Out Out Out
C with 4 Out With Out With
C anti 4 Out Anti Anti Out

2RI 22 T AR 14 2 2 R R A (1 L AT 1 80, F 22 9 9 2 R 77 S [0 () 5 V2R A XA i 5740 G e 57 3
2 JIE 15 TR0 FH 72 1) 45 ) SR o 00 i A4 20 A VP 288 <=l ) 4 b 30 R 2 () 4 ) ARV = 2 ) 4 ) 0 e ZE )
TR B (1) BT A 10 R T 2 ) 45 ) Sk AL 0 8 R 1 3300 20 1T 45 R DT b 2 T 22 1) 45 g ) s 22 1 44¢ O R I M e
KRR35 T3 2 [0 45 0 1 5035 R ST T A B B A 2 1 )\ B B2 R FH 26 T Joran 2321 i1 2
THIAA 53 28 7 v R F SCHR 42148 1 18 2 80k 7 vk, o3 R RVE M 1k R g dt — 5 A k.

FvE 2 R T\ SOM IR s R R CSG R R PPk R e T B AR AE & AU T R B0 S 2
CSG T B, 28 e 4k s &AM v 8 TS A (R 2 IR 12 7% (1 DAl 55 B 28 ABL B0 LL CSG TR AR &5 s N,
FEAEA I VB BOSCEE Ok 1 A0 AT 7 &5 )T D R 4, FH TR 4L R (R 1R HAT A RN 43 B0 R AR U 1 ANl A
DR b, 26 &5 r KRB 2 (8] (20 R 45 IR 53 3 FI3R 5 s LRI — 2 o & 15 41 b B T O
TE 2 45 i h XA R — H R B 25 U T4 BB A K 7 K5 45 R

&% 1. Classify.

N =M A ,CSG W4k s n.

i H T R ¢ R A AR

1: ifn J&M45 A then

© TEBREEEEIEDT  htp/ www. jos. org. cn



A F AT giE g Ry 6 = A R RIE FARAL 2483

2: return Point-in-polyhedron(z.barycenter,n.mesh); /7y F1 £ [H] 14 5¢ R Pk
3. else

4. return Combine(Classify(z,n.left),Classify(¢,n.right),n.operator);

5: endif

B 3% 2. EvaluateCSGTree.

i N:CSG W45 55 n;

LA n AR &S K CSG WA kI8 HVP Al 45 1.
1: ifnleft J£M 4555  then

2 TRAE n W7EF 85 Rih IR AT Al HEES Gy
3 else

4. G~EvaluateCSGTree(n.left);

5:  endif

6:  if n.right J£I 45 5 then

7 PRAE n AT 45 b T T gk R HER S G
8: else

9: G,=EvaluateCSGTree(n.right);

10: end if

11: foreach G, 1l 74 g do

12: P g T 1 AN A

13: if IsAcceptable(Classify(f,n.right),n.operator)) then //%} £ F1 n.right 7R T 4328 54| W o] 1548252
14: WA 857 W ARAF ¢ & node n;

15: end if

16: end for

17: foreach G, il {4l g do
18: WP g I L ANE A

19: if IsAcceptable(Classify(f;n.left),n.operator)) then//%} £ Fl n.right &7 AR T 4328 H A W7 ] 75 %552
20: WER W2 LR 47 g & node n;

21: end if

22: end for

23: return %i/n FETH A 4.

5 %X I

51 XBEE

ARG CHHE T 5, % % Fade2 DM 34T L 01 = 30 4 [ IR B8 /K TBB £ 267
JEEAR A T AT A0 A0S 22 T A G 2R 110 0 07 500 A0 A g O R\ SRR I BN A A R B I i 7 45 b il K =
B W B N 170X A 508 2 2050 0 22 ANV HEAT K1) 3, 45 AR B0 RO AT B D) i T 1 R 1) e DR AE

VLIRS L — &Rl E N CPU i7 2.2 GHz, W1F 16GB 118 B - S ML _ B 3T O T 347 PEBEXT L,
WAV T S ST F 1 BSP Ko™ Campen! ™ 145 /R 53 [ I B AR B 1 Maya 2015 % #6484 b ik
bIE 8
5.2 BXRAERMIK

HLYRAT RIS HA ) 1208 FITE SEI A R G0 v IR T Y. FH SR S50 5 e R ) I S5 . R b A S A A 4
JEE SR VAL S50 10 5 s R P e, — 2 BV 1 8 5 AR SO X ] 6 R A AR R AN ) (9 B a0 AT RS S 9
72 R G T LA RN SV T I 1), 65 R SR TE R 6 TP, IR VR I I A 2% B A T e i) — R JR AR TR ) 4 4 S
M LB AT IS TR0 = A T 2 TR PR R R 4 SR BoRTE SR 7 .

MR 6 FT LU H AN IR A SR A0 A RIS AR T 1 66 22 57 B 2 i Mk AKX 4 Maya 2015 F1 Campen 5556 T
BRI R I A (H R A R OB I 200 000 B2 R SR B bR AR AR i) A, B AL TR B
it 4 000 000 Af,Maya 2015 K5 JC ¥k = A2 IRl 1A 45 R, 1M Campen 450325 U 0 ¥4 43 Fit 21 /2 98 1) P9 77 10 5 S8URE e J3i .
AH A7 55, AR ST HE R B0 1 6 1D A5 A 28 (R 35 17 R I 65 A 12k T B A 45 SR W s H SR A R L L 2
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R B T T SR 150 000 I, 45 SCEEVES> S Maya 2015 B 4 4%, E Campen S35 10 4% .3X & 1T Campen
SRV T SLATUA I TR A B R A B PR B o S 7R 5 ) 458 o A A ) A B PR A R R 5 ) BRI T A SRR
PR B = AR A G T AX AT K T . 5 A R i NS R T A AE 2 B B T AN o R [ T
AR 75 F A AR SC R 1) 11 3E )\ SRR T BT Kl 20 B AH 28 5 e o 38 7 R AN AHAS 4 0 9 AT AR AZ T I )
FSER VIR AR R RS/ 7k Re 53R 6, FoA1iE v] UR B e - B BT 5 $(2 317k)Fi 8- % 71
(2 314k)HT (H 2 F R G 1 I L, S AT RIS SR TR T 15% 3% 2 i 1309 09 1k REAS A I ke A A8
TR IR P B, A0 2 S 1K P B A - S T A B i AT S T AHAS AR BE AT 0°, 3K A4 A4 e 1 )\ SO b 5 A K 1)
PR &G R X I T 2 SRR e — R A, 4 P A AE B A L LIS, )\ UM R N B 4 R D
d 2

(a) Wy 7-3k (b) k-3 (o) HE-FE (D) k-RT (o) BE-KH

Fig.6 Models and its Boolean results
Ko Bl EARIBEEE R

Table 6 Average times in milliseconds for intersection,

union and difference operations of different meshes in Fig.6 (Unit: ms)
T 6 XK 6 RPRABAIAT, . EZPWIEHEN KNS (PP B FD)
i T () Maya 2015 Campen A5
2.4 62 113 31
Uy -3 9.6 219 272 79
38.2 920 800 254
10 281 349 97
S-FF 40 1217 1192 258
160 5679 5481 934
48 983 1725 368
HE-HE 192 4946 11576 1303
768 24 960 70 792 6757
170 4968 12 774 1544
T T 680 23 594 42707 5060
2314 128 203 HWHEA L 30 426
- 2317 95610 WA & 26 550

CPAEAN AR T HER Vi 5 BOR T 35t
AT VAL S 520 P BT AN Wi 40 7 B 6(c) FA) A T B TR g T A 0 A 4 A TR S T e 3 o 321
Hev ZE ML 1) NFR 7 T LA Hh BG5S R, R THT e 5 AN i 8 o i AR SO R W AT
A 5K K2 e T, 2 i AN ABE AR PR A R S 2R DR R AN AR IS A SR S 1) )\ SO ASCRE A2 &5 5 i A 1 1y 5P 489 v

BTN, A0 B A5 UM PN S G RO A DR AN AR, AT S5 1) 1 B DR AR A 0 3K 11 B 18] i £ A S o A AT
R I T 52 2% R e M 1 TR R 7 S 7 A SC AR (R I ) S 2% FEAEALL O(m),n SRy BSR4 18y = Sy 1T )y 4
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Table 7 Average time for Boolean operations with increasing facet count (ms)

R T K 6B RAEA R T B M AT I T IE S I ST e )

A (k) Maya 2015 Campen ViR
8 250 319 139
32 797 971 313
128 3 406 4516 771
512 16 438 34113 2554
2048 87 453 32790 12 371

5.3 EEEH R

B A RIBAA ) 2 N S RERD . S B h A5 X e N R AR R, M R T I
TF 2 A S S S 1) i) L2 — FRATTIE 6k — R BN ERRI IR AT 2 8 1) A 15 1 , ) IS AN Befr 488 i /N B £ 5 72 ke il
TR BVEAE S A JRIZ BN B PE RE AT e P A B R0 5 o0 SR AT &5 R BoR a7 o AN ) S0 A ik 45 1
thaan & 8 Ao,

(a) JRAAHETY (b) 400 > ER R AT Je i 5 (c) 800 M ERSR AT Jr L 1Y

Fig.7 Sculpting a ring
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T e B M, B Campen 50358 F R BEAL AR Fig.8 Time in seconds for continuous Boolean operation
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PRAEAEASFHAZ L R AP AN 7 A R TR, B 20 B A7 B R AR A DA 56 B A HEAT — IR D), T e . 1 B i 22
() R BTF S T SETERE. I B 23 S A 42 R AL 70 SR BORIE T CSG B — K58 1, It AAS ST R S A7 R
18 SR LR AR R IR T I DR R T P L A BRI TRz iz /s T LAt k.

6 % it

ASCEILT —FhI T =M R IR RS BRI RIS SEPP A ST AR CSG M 4 R A S
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DRALE 7 70 2 (10 45 P R MUK 52 300 3k 21 SRS D10 A0 )\ OB I8 45 o o T 189 23 SRk B, D AR )\ SR i 3 e A 22 T
PR ZR R AR 1 B8, SR S DL T AR 2 MR I 18] A 5 BRI A 18 2 288 DAL 0k, 12 S0 0T = #7314 52 23 3 5 4R AT A
IRIB S, AT AE QRAIE 45 B 1k 1 [ I S B g P .
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