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Clustering with Joint Laplacian Regularization and Adaptive Feature Learning
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Abstract: The explosion of information has been evoking a leading wave of big data research during recent years. Despite many
empirical successes of spectral clustering algorithms, it is still challenging to cluster the high dimensional data due to the curse of
dimensionality. This study proposes a novel algorithm referred to as joint Laplacian regularization and adaptive feature learning (LRAFL),
which adaptively learns the feature weights and fits the feature selection as well as clustering into a unified framework, rather than the
two-phase strategy of typical approaches. With a new rank constraint imposed on the Laplacian matrix, the connected components in the
resulted similarity matrix are exactly equal to the cluster number. An effective approach is also proposed to solve the formulated
optimization problem. Comprehensive analyses, including convergence behavior, computational complexity, and together with parameter
determination are also presented. Surprisingly sound experimental results can be achieved on synthetic data and benchmark datasets by
the proposed algorithm when compared with the related state-of-the-art clustering approaches.
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2 JE MK /N B I HE 21 E AL A B, 4 win >0, T
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2yd —z,,,d+> 7, 1
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i
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I AR E B 1 w] A SRR A, TC R FLR RS FeR™C AR LA, 75 SE B N O R AR O R
HE 21 A Jo 45 K A AE A FE A i g 1K) K AN AT S AR T I BT AT S A\ B30 2 A 3 43, i EL A i PO ARV ALURE R i g
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156 o 20(28) A28 3K (29) T 4, H bk 26 B (12) IR BEIE AT R 3 25 1 [, v B 2 45H40E. O

A R 2 o LRAFL Sk N R O8I, T L2 R G0 s 46 7 28,10 a0 we ] DL faj B i 41 2R 4k
TGN Ld 1 F ] i, IR ] AR R AN 2 BB AR e A 38 T DATE SR ARG ER AR SE 0T 4R A AL R B S, 6
i K AR B e8RS AR AS [R] fan A B0 4R 22 AN R T IR A 75 22, e A LRAFL 13 308 1T 42 J=) de L.

S 1 BOCHEEFERT DR 3 SR A RN SR AR LR w,S R L w K 2 R (15) v A LB B A
J& O(d);S Hh g H1 1) A 24 2R.(20) T 5, FLE S A JR E E O(K), DR IR A LU B S fO 8 0K B2 2% i 2 O(K2); HE S A0 BT F
W3 Laplacian %0 B (4RFAE 43 iR 3545, 4 2 2 O(n®). — et v F . d<<n® H. k<<n o7, K LRAFL #7048
(152 2% 8 2 O(N?) AL 1 50955 (1) S B i AR VR B 1, T 53 LRAFL (25538 B 4R 1L O(n®l ).

4 LRAFL B LA
41 BREELR
B N T T 5 2KMT 6 125 1), SUFR 4 ¥y 250, A% Tt 4 ¥y 4 T 25 725 1), B KL 25 100 /i fir

FEAS 356 3 117 500678 fin e 1070t 75 40, e 75 45 % 24 £0,0.3,0.6 3. 18] 1 R 1 JLF B A FRAA: 4 I ) 22 B ) (1) 28
R AR AR R, dE LRS! RSP LRSPF LRAFL.

(a.1) LPS (a.2) RSS (a.3) LRS (a.4) LRAFL

(b.1) LPS (b.2) RSS (b.3) LRS (b.4) LRAFL

(c.1) LPS (c.2) RSS (c.3) LRS (c.4) LRAFL

Fig.1 Affinity on synthesized data with different levels of noise corruption
Bl1 T o 70 A ) e 7 25 20T ) A AUPE 45 44

Jerp I8 ()~ 1(c) 72 oM A TP 30%ME 75 TP 6096ME /5 T4~ AIRICR, T A S 8t s it
FEXE NGRS 4.2 K8 N 1 T HLAESS 1 ATJCMe P T-IRIAHET, 4 Bl SR AT 1 v otk A AR ALUSE J g, DA 5
I 1 e P R IS 4 TR B 5 Bl AR T A 5 0T P T N, LRS HOAR MR B 56 42 Ab T 3R RUIRAS, JE AR B 5 73 7%
Sk AU, LPS (R A BIA B ot T- B0, th 5 70 R 4 M BT IR A6 O 3 73 iR 44, RSS 1 SRIRAE B A5 T BRI 1)
KLt b AN IR 2 4458 (R ARACLE AR R S A P R A o L T WL P B2 5005 LRARL HAT S IE M1 6 ARARALLBE A
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Bl 52 Wt 75 4 B0 5 i N A LA SR A A R s A 1(a.3) T AL, LRS AL FRIE I FROARALLRE B A 6 375

AEE— UL LRAFL [FRRAF G 3 A0 E0 0 T2 68 g R T N3 1R 000 R B0 HEAT R 360 58008 b 2 7%,
7% 100 MREA SIEBEHLB N 15%1%) v 7 e 75 8] 2 @R T LRAFL 28 AR & 23 A5 B 1R 3R H a4
TEEBE LG R I0 B 2(a) B Bl /o 4R, B 2(b) 4 IL 452 28 ke I LA 0T 1. 1) AL bl [ 2(c) /& bR 4 A1 (R
5, &1 2(dl) 5] 2K FEHE 58 28 S BB X B (19 AR A ) 0 M N 23 AL T~ 2645 A0 E R 43 A Ik LRAFL. 433 LA
AR RN AL AR AE b i B, Ui B LB A7 S R AR e B8 R e Ah 6] 3 8 B IR EUE A8 SUCE 3R RSS,
LRS Al LRAFL HE47 FS0 bh, N AT WL RSS AT LRS P #2288 4 SRR A7 70 I W0l B0 R 5%, T LRAFL [ 2R 2K 45
LN FB L R 5 A W) A, 36 W L R b ks SR AR B 2 e T 2 AN 800, R R T RSS I LRS.

1
2 0 2 -1 0 1
(a) i3 (b) HLiLHFAE (¢) BT (d) DLIEHRFAL

Fig.2 Feature selection of LRAFL under different distribution of two-moon synthetic data
Bl 2 AN[EAZE 3 A0 0 TE T BB B RE AR L £ 45 A

(a) Original (b) RSS (c) LRS (d) LRAFL

Fig.3 Clustering results on the two-moon synthetic data by RSS, LRS, and LRAFL
K3 a8 oAt TN BRI PR 8 28 28R xT B

42 HERHIFERR

Wi 7 ARFEFBARERN 10 FhSEGE LRAFL SR B P fi, B A 12 (AC) PRI — 46 A5 L
(NMIDBIBEA b A H 6155 3 AN AR 45 (Orl, YaleBP Jaffel?) . 1 ANt REH4 S (Isolet) . 2 AL
WK 4 (Yeast,Lung) T 1 A% G 55040 4 (Coil ™). Jg T (58 Ak i) % L, J9T A7 415 254 SCHR () 550906 S92 34 46 i SCRIEAT T
RO AR HOR MR FRIS AR 332 1 45t T 4% B0 45 (0 40 45 ik e B LLCFS!™, MCFS!® NDFSE),
FSASL! L psi*¥] kmeanst®, DEC!*, SMRI#! LRSI RSSI®VFiI NSLLRRI?,

Table 1 Summary of the benchmark datasets and the number of selected features

F 1 BRI IR AN 250 T R AL I PR L

Bt tk FEA %L FHIE 2K Fm R L 3%

YaleB 640 2016 10 [300,500,700,900,1100,1300,1500]
Jaffe 213 676 10 [70,140,210,280,350,420,490]
Isolet 1559 617 26 [70,140,210,280,350,420,490]
Yeast 1484 8 10 [1,2,3,4,5,6,7]

Lung 203 3312 5 [300,600,900,1200,1500,1800,2100]
Coil 1440 1024 20 [120,240,360,480,600,720,840]

Orl 400 1024 40 [120,240,360,480,600,720,840]
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ARG SV R B At S50 45 R AR SEILIN, T S0 JEN T2 kAT AR 2R AR S5 b DT S R 2 4
A3 2 B0t R 43 3 8 {1072, 10°3H11{3,6,9,12,15}. & 2 Al 3 4l th 1 A7 % LLSTik ik 10 I BHLA)
AACIRAT I HER FE AN — LB S IRAR. 18 4 F1H T & 50EH0°7-1 AC I NMI Fi45.
Table 2 Aggregated clustering results measured by AC (%) of the competing methods
&2 P SHEEA RV B SET BO SR RAERG L3R ronS Ee

Method YaleB Jaffe Isolet Yeast Lung Coil Orl
k-means 15.28 71.57 49.64 35.08 78.33 59.17 51.79
LLCFS 20.47 77.93 52.02 37.20 90.64 60.49 51.75
MCFS 20.00 78.87 48.17 38.54 90.15 59.44 51.94
NDFS 19.56 75.80 56.96 37.20 91.13 64.65 53.58
FSASL 26.41 78.76 57.47 53.44 90.64 66.67 54.75
LPS 25.00 75.12 47.72 36.86 80.30 60.90 47.75
DEC 16.72 95.31 58.56 44.98 83.74 73.06 62.25
SMR 62.19 77.46 58.63 43.67 87.19 64.72 61.75
LRS 39.06 71.83 26.62 42.52 80.30 49.72 53.25
RSS 65.78 32.39 45.86 40.30 80.30 76.46 21.25
NSLLRR 62.30 98.59 58.94 46.80 90.64 62.01 65.35
LRAFL 63.44 99.20 58.10 49.73 92.66 90.14 61.50

Table 3 Aggregated clustering results measured by NMI (%) of the competing methods
F 3 A EEEAR R E T WK AR R e xS L

Method YaleB Jaffe Isolet Yeast Lung Coil Orl
k-means 4.71 81.52 70.0 25.77 60.37 75.58 74.26
LLCFS 13.10 79.96 71.15 27.12 74.50 76.11 73.72
MCFS 13.80 83.62 69.55 28.62 73.35 76.21 74.93
NDFS 12.45 86.18 75.78 27.64 75.39 78.90 75.47
FSASL 21.74 88.29 75.64 27.32 74.76 79.20 75.88
LPS 21.48 84.93 70.60 27.64 60.54 75.98 71.56
DEC 8.67 94.20 73.48 27.22 68.25 81.05 79.55
SMR 57.31 83.34 72.92 27.37 69.80 76.60 76.43
LRS 3453 78.33 38.98 22.05 58.24 56.66 75.12
RSS 66.66 28.52 64.58 27.33 54.27 91.95 41.76
NSLLRR 57.60 97.81 70.39 28.40 76.12 72.47 79.86
LRAFL 64.50 98.76 74.81 36.08 80.82 97.05 80.23
80 ———
I AC
= 60 [ INMm
4
<
2 40

Fig.4 Average clustering results measured by AC and NMI (%) of the competing methods
B4 25 SR I T 2 3R Uk A B A — 4k B B X L

M 2 FZ 3 ml 4,

o BT KRR A IR 43 A A5 K BRI B 2 R A SV R TR S R v 2 IR B s Yeast I 4 1 4 BUBAR,
HC 2 (][] B A 6 %5 135517 YaleB,Orl 3206 e . 4 45 5% 8K LRAFL 711X 3 ANt 2 ¥y AC b5
WAy 49.73%,63.44%F11 61.50%. 41, Lung 1 Jaffe P A A B IR 2040 45 0 LU 348 5 S B S8 2, ot
M) LRAFL 325 AC $845 0 HIE 2] T 92.66%F1 99.20%);

o HR LA UL k-means 535, DEC,NDFS I FSASL 25 R HE SE B M VR HB IR TL 7 SR ML B, iy A
R I SMR T NSLLRR WLEAG T N4 F5 (1 45 5L.RSS 52 K 7R F B LA 52 i, 1k R vk Z2 3K 78
YaleB F1 3575 T 65.78% ) = SR 2K 15 {H 7E Jaffe A1 Orl tp AN FRS T 32.39%1 21.25%f] AC 45 1R,
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T AR k-means;
o BJa LRAFL el 74 AEALIEHL I A E T #4 Laplacian H ¥R I, g4 M BEL T oA 220305 78 AC Al
NMI H 43 B3 T 4 A F1 6 A i a8, JLILLE Jaffe £ Coil W, 433 3143 T 98.76%F1 97.05% (1) 55 i NMI.

4 W], LRAFL 7E & 2l L1254 AC F1 NMI $847 i T HoAh 8032
LRAFL A 20 60, 3 REAE L AUME w RN A% 45 P & 1 B 58 0 M F T Jnd 4 &5 FA) R0 AR BLBE A6 B S Rk
HE— 2D VRS & T U DR DL IR A w, S IR AR T B AR A K LRAFL 50550 A TRRFIEBUE IR (Nw) . T HEHE
FER(NF) BSZARARR Ind DL R4S LRAFL #5551 (Ori), 2ok Nw 25 B AR B 20X (12) S R AE I BGH 43 5 B,
B LA S Bl FNF F5 50 B A X (12) B2 AE B FLECADL1E w F S.E1 5 XTEE T 4 ANMRASTE TS g e i)
YA B R0 S — 16 BAE B AR AR B 5 BTN LRAFL J5 4R FRAE B A7 W A HP 10 2R 2 e b s+ ook AL AR AR ik
Ah NF 7E % LRAFL Bl A0 5 28058 B 22, U WA e o # Laplacian 5 94 45 ke 58 25 1) B3I G B 1k, 55 1F SRR R 20 A —
FGNw R R SRR IET Ind JR, 8 W REAE DL IE AL B8 5038 R 28 M sk R 55, Ind RS O JR f 28 i 22 B8 )
HE— P HGAUE T LRAFL B A 35 A 5 5 11 410 %

T TEEGT T
I NF 1 I NF
[ INw Fi Nw, .
[ Jind Indfl
m N » - - N - N N
. \%‘3\6 4@%& & 4%\3’ x‘g& \%0\‘24 4@%& S @
(a) AC (b) NMI

Fig.5 Clustering accuracy and NMI w.r.t. different versions of LRAFL
K5 AFRCAIY LRAFL SEVEAERG B AN — 4k HAF BT H

ik — LB AE AT AR STV R AE AN R AR B R IR T, I 6 K LRAFL L5 At JL T B 4 010 fA0 o i 2 2%
FLHEAT X LG, 055 MCFS,NDFS,FSASL Fl DEC, 1% i (#1545 45 >4 Jaffe it Lung, L o, 117 37 I 7 1F 4 %55 2 (676),
Ji 8 TR 4E B0 w5 (3 312). NI 6 T WL LRAFL 1A [RIRFAE % 7] o (1) AC Il NMI AR #8410 T~ Ho A 53k, 30 B
T N REAIE 27 ST R RE A AT R0k DX 4 i N s GEREAE 1A 45 1k — 2B DA R it A A AR A R 8 o, AN R Bk
(0 2R 2k R AT T ERTH AR M, 24 4 A0k — 0 BN i, U AR AE S S0 K 1 BB N1 2 I A L 35T & LRAFL. Bk
FEAE IR B 22 A0 SN T HREAE AT 0 KL, DR1 1k RS R ol 26 55 1 3.

1

an
y A

— mcrs <} DEC
=EF-NDFs LRAFL

3=+ FSASL

0.8

AC

0.6

0.7 =E3=NDFs -8—LRAFL

w3+ FSASL

0.4
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Num of features Num of features
(a) Clustering accuracy on Jaffe (b) Clustering NMI on Jaffe

Fig.6 Clustering accuracy and NMI w.r.t. different selected features
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075 == MCFS -+ DEC 0.6 =4 MCFS <} DEC
0| —EF=nDFS LRAFL =E3-nDrs LRAFL
3= FSASL w3 FSASL
0.65 0.5
500 1000 1500 2000 500 1000 1500 2000
Num of features Num of features
(c) Clustering accuracy on Lung (d) Clustering NMI on Lung

Fig.6 Clustering accuracy and NMI w.r.t. different selected features (Continued)
Kl 6 AN [ARFAE SO0 1 23 R HE A B AN — A ELAF RO Bl (22)
43 BEHESH
TEAT AR R S B RE T W ) — DS BEHR b AT 16 PRAE A R s 4R vh 275 R 2R MR R R IR 0 S 1Ky JL D
FVERAT U R AR AR M 5 SR IE L TR 3R 4 BR T & BETE & B0l 1ag AT I R] (B ).
SRIBAT 76 0 Intel Core i5 CPU, XU 32 4% 2.80GHz, P 17 4GB,32 i Win7 #:1E R4l Matlab2014b
78
R 4 2RI a AR 2. & 3 TALLRAFL AMYAESRG B 2RACR LA T30 HL 803, HLH s AT 30 A
A WY DU LA Jaffe D4 6] LRAFL (LT 2 4.76s 58 B2 Bk A 2R S8 70 #rida 55, 100 HE 44 27 2 1f) NDFS $535 )
FEB T AT 80s I [l Ak, 8 43 2 7n M B 2K 5135, I SMR,RSS A1 NSLLRR, LLE AT 2% % Ay 484, 7 YaleB, ISOLET
EHARE IS T8 LRAFL BRI RIS AR 4 7T I, I8 47 i ) 3R 3 K R AR LRFAL 18 10
5L B B NSLLRR 2288 L8 A M e T8 LRAFL [ JL A 0] L 550925 H 2 32 JF £ R BB A o DL 2
ZA N LA RSO 384T 3R 8w (% T G e 4 500k, = e 30N 9 ke fig
Table 4 Aggregated results measured by elapsed time of the competing methods

R4 PrASHEEA BRI RCR N

Method YaleB Jaffe Isolet Yeast Lung Coil Orl
MCFS 1.074e3 82.23 334.02 270.11  1.277e3  1.445e3  9.038e3
NDFS 1.146e3 78.18 549.91 25259 3.64%9e3 1.017e3  240.59
FSASL 2.945e3  343.92  4.234e3 3.498e3 8.834e3 5.481e3  940.42
DEC 1.531e4  89.88 1.637e3 2.213e3 1.250e4  1.295e3  386.41
SMR 941.22 139.97  7.702e3 3.508e3 1.221e3 4.375e3  1.004e3
RSS 7.202e3 4765  2.878e4 1.803e4 6.491e3 2.054e4  2.525e3
NSLLRR 2.896e5 2.768e4 2.567e6 8.256e5 6.432e4  2.168e6  1.105e5
LRAFL 155.34 4.76 17.17 170.96 242.81 191.78 24.19

4.4 SEYEEE SR

ST  Se el IR  = R R N T PN E 2 (APl - REINATERE PN E S IR SR N iip A R
BAL Ut J9T i SRV 04 23 A B 0] AN T 82 e 1L P AR P 2 3 ) B 8 P 3 0 1) S —Fbr LRAFL. SLVEAT W /¢
WS —WIE k FIE Wy 8 7 45 T FEAEAS R E(E 5 B 1 SR SIS v aff 8 ik e A A i D ) 8 A s
YaleB,Jaffe, Yeast Fl Orl.

M 7 45 R K1 LRAFL BB AN S H R, ol A [7] 3 {5 00 BI0RE P2 65 /0 1 HL 3 il ot 4 o W AR 3
SR 2¥<300 HUAH, b xe{—1,2,4,8,163 .k Xof AN [F] 3 F 1) 03k F5 38 K AL EL Ak 7 P 3l R vl K P B A1 9 L 1 5 s W
LA 10 Ay o e IR, 92 TN R M L A A1 KO T I R 5 S B e e S AT AR A —

AN S
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Fig.7 Clustering accuracy of LRAFL w.r.t. different parameters
K7 LRAFL Z30I0IE T It S 2R A

5 B %

AL T —FIOBT O SR S LRAFL, I 1 38 1 45 I DU B R 5 45 44 2% >) PN S H A AR AiE AL 16 38
I N Bl ) A R R BEAT IS AU TS I HOBUARL i R A T A R AL 97 326 % 45 4 2 1 Il R X Laplacian 4
W HEA T © R 240 SR R AR Tt 1) B30 AT BLBE A B, B EAT © R4 # %l 50 LRARL HENS [] IN JE A7 45 Ik 6 £ A0
i 52, HRBERL A 5 2 M 4y B SCH 0, S DUl e AT 5 T0UE. R A, B 77— ol bR v A PR B 2R S i 50, O 4
H TR R (0 S SR % B 0 AL S e A L I KR N T S B AL S A T iR S U6 U T P R SR AR L
AR B 1847 ROR M S BRI IAF L R AT W] A 3 0 BUARFAE 126 86 U 505 LRAFL £E SRR
PRIEAT R0 LR AT DU 9256 25 R 0) EE /R B 530 LRARL. BURAE #8434 b G 10 3R 45 B8 R RS B2 4
b AB B AT RO HL R A TR 5Tt

ML S R I TR S LRAFL (EN S R h # N THOE S5 k Ay, BAR AT LU I 2856 77 kAT 45 5
BEE, L0 HUELXT S 2 45 SR (0 58 W/ (BT 88 2 11 58 P B 50928 (K0 NPT 97  fE 3 TRT ke, i 8K 4 R B AT 15 0 B
Hr) B I8 N € B2 B R AL A B Ah, B TSR AE AN [A) A B 5 mh R D22 S K AN ) S B8 A A 23 A1 0 B335
(0 5 W AT AN A o S AT FIR 20 B S 2R TAE 2 —.
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