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Efficient Mesh Merging Method with Reusable Laplacian Operator

JIN Yao!, XIONG Yu-Long!, ZHOU Yong-Quan?, ZHANG Hua-Xiong!, HE Li-Li’

(Institute of Graphics and Data Intelligence, School of Information Science and Engineering, Zhejiang Sci-Tech University, Hangzhou,
310018, China)
?(School of Mechanical and Electronic Engineering, Shenzhen Institute of Information Technology, Shenzhen 518172, China)

Abstract: Traditional geodesic-based Poison merging method requires time-consuming computation of rotational and scale fields, which
restricts its interactive applications. This study proposed an efficient mesh merging method with reusable Laplacian operator. The method
reduces problems of geometry merging, interpolation of rotational and scale fields into solving linear equations with the same Laplace
matrix. It obtains eight scalar fields used in merging step by conducting Cholesky decomposition once and back substitutions several
times, which is two orders of magnitude faster than the traditional geodesic-based method. To optimize the mesh nearby the merging
boundary, it uses a robust method based on constrained Delaunay triangulation and discrete minimal surface. Meanwhile, it adopts
reusable Laplacian operator again to merge the texture coordinates along with the geometry merging. The proposed method can handle
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models with complex topology and multiple boundaries, and the results are comparable to the traditional Poisson method but with much
less time cost. The advantages make it capable of meeting the requirements of interactive response.
Key words: mesh merging; texture coordinates merging; Poisson equation; reusable Laplacian operator; smooth interpolation

Wt T S L R (RS % T S B B3 (CAD) . MR SERAR (VR) S50 I SE B R (AR 2 1)
T2 I I I8 RN AT A 35 4 Ao v A b ok R A8 s AT AR, B > i T T A AT T T AT IR 2 —
FELETE 57 R, A8 HL 3 = i il B0 7 OB =, G v 1 2 Xl 8, e e 8 A1 5 10 7 X OB A, i — A
1T i A 0 BT B2, 32 30 AT I 77 0 0 L 4 5 ML 2 >3 T 9 i 46 5 T34 A LA 15 1 0 89 B
1 88 (R TR T A LA S A () — I T
A SR L2 10 I A i ) L, A A U P RS 5 1 A AR REA T Rl 5 LA 5 BB (1 XA AR AT 1) 3T
R ECAT 73 D Ay 3 1 00 o i vk B E LTk
o ISVl TRT VA R A S e DA 3 2 T 3 T e e T 5 e v BT Sk T v 2 A
SLARIL T 10 Rl L6 2K ot TRT (a4 17 2 R 50 L) J08 5 7 oI A0 R R B R EL 8 S A, B0 FE I A
WP A X L 30 4 ) 3k R
o EHLKING LR A VBB S AT 2 S OAR L R/ TR ) B K Il £ 320 e T S £
1% LTI AR B LT e 3y 55 RUBE Sl R DM 3t 2 1 v 550, 5 0 17 2803 M A A2 A2 1 7 3Rk e G AR I 1) i
e 55 ROBE S vt 530 A T VR AR AE A B A8 L T BORF IS Y 5 1 B P R R AT 68 5, 88 i 3z AR B8/ 1
AR T T3 TR AT JUART o g S R T Ay B Gy R AL SR AR 0 AR R ORI R T D
ARV AE DL o 28 L R AR AR
O B 1o A R A T A TN I [ W U AT g 2 Y () A2 L, A SRR TR R £ HE 2, 78 23 M) A L AT
FIT Y AR 3 S (KD P 5 g Loy s e e 3 g FRE 3 (1 4 L 1) A 0 e DAy i 5 7 38 (L e ) 0 R D oK A
S XA 1R i 25 S A 8 R e 0 A A (e A - e 45 2 480 ) A s ik, B O el v SR 37 068 J) S AR 0 R AT SR
P8 2 PV 5 47 L, A S B2 P 5 7 0 7 08 A 0 e A F8 s A s S 3 BE AT 4 Jo 4 8L SR A I, e B 43 %
o R A 52 (9, ST T A I 2 UORE I /b 1) [ QR S ARGE SR AT 8 b Bk A A REA T A S i
Ny T 30 A S B ) A e Yt R B R, DRI A ST e BB AR B R A LA Rl I B R T
SR AR R R R SRAR IR U 2oL A2 P B 5 S B S AR A R ST, AN TS G T SO AR A 1) B U AT

JUMTRE T79%:5(2) S 1 Pk T S R Rl 30 51 10 A SC R AR B i 5 T 955 (3) #1724 T Delaunay — £y
g T SRR /I A TR PR 45 0 190 A% I A 5 7.

1 HxIE

4 5 A A 41 2 A ) o T B A L AR AR S A AR — B2 B AT I R O B T R I Y
AR T ) W Rl T 5 B9 T W R s Dl i vk S LAk

o385 S 300 F 0 AU IR AR, B O ) A R s A 2 T g it — A T 8 T 7 T b I
K H UE T AT R 3 2t A SR T VR AT T v ) 3k s Y R o T v BN U D A E b A A 3 S A
(1) T B X S AT AR 422 e 52 DL 4% Sharf 25 AR T Soft-ICP 7 vk, 76 T & X 0% AR L HEAT 6 Y s 48 R 5
T . Kreavoy 245 NWSUR T A2 5 0] fil 5 DX BRagE 4700 5%, 88 Jm SR B3k Oy L AT Rl & Zhu 25 N5 7 — A
O FET S A LR H bR R R A% (14 30 S 16 R S ST R b, I S — AN ACEE 3 0 LR AT IR s W
JEME. Liu 2 A TSUR 28400 A il = Bl v 14 7 3k K e 3k 9 o 7. 77 M TV Y 420 1 6 R 0k 36 2 4 I X ot T 06 4T 47
B, AR R 25 (0 T LA PR 22 1 T R i 2 N UG8 5 420 1) 5 R 5015 A 1) B8 8 3 s e 90 e o o T L 25
NIV T 3k 7 92 107, S P g i A L T B ) 90 3o I 0 2, DA R L sk T ) FROIR . B A A N ST SR
FHT Hermite Jei (e 1h0 75 1 98 dh TR0 B T 5 2, 16 207 v AR e S A2 A A () B e S A EE TR i it
I U AR A R0 U DAY AR K8 T W) S IR SR



3864 Journal of Software #:fF54& Vol.30, No.12, December 2019

L T S 5 A0 9 0 £ L0 £ TS 7 9 0 A 46 I LT TGRS i L L 0 3 i PO 26
79 ST Y15 B R S A ik

2 KA U5 R 5 LB B8 A Tl 2 6 302 R 31— A ) B S, 9 i AR O T 5 19 T8 00 A6 b 6 44
Fa LA Kanai 25 N7 AN I 4 BTl D6 R0 57 0 55, 932 P 4 IR Y LS e 7 I TR A5 10 0 7% R, 3
Sl £ 2 B K A TR Biermann 45 AL T £ 1 2 7 (ABF)Z ¥ A S LKA 6 1 400 5 10 6 5 i 2 %
7 T I T TR 10 1 A2 15 S5/ 3£ 0 s 2 L1050 1 2 (200 e Sl 2 T T e AT
A Bl 2 5 R P 5 i A5 S, B S 7 4 Bddle P 2 T2 R T 2 00 1) AR ) 2 B i 26
4745, 4 00 B AT 5 2 10 T AL 2 K bt T LA 5 2 L0 4015 (R0 5 5 R e 1 T it 22
TS 5 55T A0SR A AR, LA 2 0 190K 7 1 1 B T A3 ) A

A5 T B P T 03 7 T AR 22 9 0 A il 2 023 2405 i 3 3 F B 3 30 (— P 4
) 22 3830 5T LA R TR FRURR FE 0, 3 SR RS R 7 P A Bl 32 3 6 0 G LT 43 9% 305 28 T S R T
43 it LT F8L 2 0 0 A T AT 080 S SR T 5 i 2 ik A T B A ) AR T
T 1y TR ) B o A (e 5 W 40 A3 T 10 0 0 i 0 345 Y 1 T 30 338 ) b it
728 PSR 04 o0 95 4 0 A 6 25 90 A 38 35K L 0T S 0 8 7 LT A R 5 8 2827
7 U B A2 b A O 2L P W M 5 ELRE A RN A DA 5 A2 5 T . Zayer %%
NSV s A 5 5 R T T T B (R % T U (I ) R (4 ) T
L 45 A T ) A S50 T 2T TG 90 2 D 50 2, R A K 6 9 J 20 4 £ 38 1 5
I BAA VB I K 5 LB B8 5%, R L8R A T 147 il & Deng 25 A 411533525 A B0 ) 7 o
{0 A B SR ARSTETRA 7 L BB T %2 Takayama 258 AU T T 78528 vk 2 2 R Bl 23 MO 9 7 DR T3
T A T TRV PR JUART 2 15 K D0 538U P 048 Tk AT 32 i 2 5 40 5 D 52 B 28 T
AR T 00 T 2 1 I s 5 72 2 A BB [ 25 7 0 Qian 5 N OV Lt 1 452 M1 T 4o B T A, B
BT i

237 BT A Wl A HE A TRt LA A 5 T A M 2k TR0 0,3 P T 00 22 S 1 I B, L5 7 2 A
e AL TR VB K 5 L I P 0 0 I 108 12 0T 2 % SC R 4 R e B0 6 I35 3 42 ¢ 52 7
MR B, SCOLVEEE M. R 3235 U7 A0 At 10 e 0, -0 2 S il 2 5, 3 9, T 90 8 2 537
BRIV 41088 T 0 A2 0 T T I e v B A b, A% SC T 1 B R Y 1 R~ FL b A 3ot e o
g AR IS0 75 BT I 39 R 2 7 Vo S 050 5 L () AR 1 ol 2 T8/ [ I 2 1 50 1 3 A 1 i
1SR [T HH 1 0B P19 1 A 0 AT 9 0, 7 L il 2% 8 S50 A 4l 2 £ A0 % 30 LA 4430 2 3
e A4 5T 0 5 A2 T 0 S -3 B PR/ S T 0 4 ol A A8 1 50 A
2 HMRRSEEIES

TR 0 A 2 92 SR AEL L 76 3 20 R P 4 T T PO B0 900 2 V50 K A8 1) JL T 3 8.
0 T I 2009 4 R L2 Sk (VP ot Vvl o T 4 (1=1,2, .. VD), T=€td o = A1 B TH 4 G=1,2,
(). A T v B T — A b B f(vi)=t U RS @ 152 ST — A b 30, 6 FAF 25 24 v A F b B

fV) =Y, faw).
FUr, gr(4) 4 B R 2 T 0 R R S M LT AR x,y,z 3K 3 A48k, IS A i i KL AT
T T Fag=F Lo B 1 T BB A )
" =argminy"" A ||V, - g, | (1)
f

ok AR AT IR sk RS T € B AN KRR 0,00 0 L RRRR 8. b U R 5 9 R 3 A
TR [ 50 5 A b 2R, AN MR £ 33007 160 5 JRSE A7 2 5 R M S6E R 010 1 Bl 2 3 5 308 4T s 1 6 5K
B R P A = T € b PR R 28 o R B O A e s, 5 R A M RCHEA T3 A RS 1 i S AT A



AR AR L T 6 SRR A RS T ik 3865

T T H AR PR AR FR R T
IR AR (2 20 (1)) PTG B B S AT R S A R b T RE AT SRR 3 T A H LA AR A
Af=div(g) @)
Horp AR B R W T div O BUS R T BT F R Be gt R B TOAS i1 5 0 58 T Sk A LA R
(¥ 42 1) 51 122

1
(Lu), :ﬁzj(cotozij +cot B;)(u; —u;) (3)
FLrj 3 P T0 A5 T IR L-BR AR R, oy 55 By A AR TGy BRORE 8 Ui Uy 0 00 Sk TR T 5 T bR A A L A

SRR U Ay TR T A AR b 23 T 8 P i) et 200 T TO0 A 0 A7 ¥ 240 2 A kg R 240 o, DU Y s o 8 T 54 A 6
PRI 28 AR e M 7 R 4L
Lcu=b 4)
Hodr L=AL+AC.
o A JyPUKE T ALY Voronoi TR 4 i )55 £ B, LN 1 0 7R g THS L-FR 4048 = 1 B AR SR () =5y 2

CTA=II A G i 94 )

o C NP ELRMIXT i R ECEFE;

o ANIRLHAE BRINHUE 10°,

2 b kA Rl SR D R R R

AR LB E YR RS AL By F R o A% AE 2R 30 5 T A 10 T SR AR

AR 2R U A A L I X A A T A ST R AR e —— e e A e b i TR

AR 3ot S U R Rl 15 320 TR 38 A T A 0 M B, O e A 3 AL e B i LR 1 b i 30 T &
PEIR B OB I R MRS B Tiede I RS

PR AARYE L TR 3 43 2 (1)) #8 A2 e VS0 B 30,328 AR D7 REXTAZ 6 BE I AT B 3 (24 K (4)), T SR 1%
TETRA T TR BRAT U W A ASE Y 115730 S 20 R 1) LA A b

3 ETRAERNENTETHmMSE

TR Rl 13 1R A% 0o S SRR IR T R, 2 O I DA A 3 o 39 B oz 3 o 307 B8 i kDl J L] Ak B ) iy - 72
17BN A JUAT b IR AT )2 1 P T S B A AR T S B S SRR b PR AR Sy
B2 A S T A A G (3R £ 905, 70 40 R L R S I R 5 R A e 1 4 T 1 R L e
. Be IS RS IOCHEAR . SCB AR Rl & 58, 389 SR 0l i i S50 AT i AL 2 Aok D BRI ]
ST IR A4 0 S 407 555 AT 92> T S i) A JHE 3 45 A L
3.1 eI S REMMEE

WA SO R R S O REIN R BR 3 RV RS S RORE b AR B AE T ST e S I, e T T e R X ik ds
AN AT, AN RE LA ] T 4 o 30 DA A AR 75 A B DY TT 3R 9=(0 0y, 0, Q) I FAE DY TG 38 2 (R AT 4 1. 0 #5321
T R 39 5 R 3, SCIRIO1R I T 2 M Instads, B AR A T i AL DU TR qp 5 RUEEAEL s 7 34 F 0 Ak oxd
AR IR 2 PR

G - Z,-w.;qj . - Z,—wu-sj

I Z,—“’ij - Z,—“’u’

FErh o PTG T-T00 A 1 380 03000 b 2 155 11 B 080 38 ik i 0, 308 5 ) BRCU B B s o 3T R S el T LA U B

AN PR S AR 3, 3 T T ST V| (IV || Va|) X B0 b £ B 85 (Vg Ay il 75 320 F T A48 TR b 3% VAN 75 i B
AN KR e R AT A A 1T AR B A 2 ), L D0 2 0 U S AR R RE I, BRI T RS .

S A 4 3, U e B A e 3 )AL, 8 AR T SR I — AN T IR SR [29] 4 A8 I A FH a7 35 7

®)



3866 Journal of Software #:fF5 4% Vol.30, No.12, December 2019

S 1063 PR, K FH W R 37 15 Ry BUEE 3 4% 3388 Jmy 3 738 e by — AN 0 v 07 77 B Au=0, 9 H P ¥ e ol A 4
A EL o A ] T A R g O, 4 5 S 1) G T A B L, DA T35 T Ak (10 2 480 T 8 7 [ T s
55 9 5 T pSb B3 B 2R MR VR G % VRN SRR — AN 2R Pk R 4, L 2 T 000 b 28 1) J) 0 A 9 A% 38 T vk I 3 b ok
T U ARZ T IEAE G — M AT B 6 T I Rl A S T A A SR T R T G B T A 2 DX g3
PL¥E e Ho i 5 4 A IR T AN e T 38 Ol i AL 3
S F bR AR AR 0 bR I R AT £ R IR A 0 SR 192 A S s B M B 0 G A 1 e BT K R AR e 3
HALR S MR Y (TR 0x,0y,02.0w 5 — N RBEAR R 5), 30 R 4 R B8 7 000602 % FE k47 7 ¥ 4
. BV (49320 G400 3R M A 58 SOk b 3 28 44 0 e J L B /ML il o
Lamin SUTA ||V[qi,q;.q;,q5v,s‘]||2} "
S.t. 0,,0y.0;, 0y S o= 05, 05,05, G, '
Herp LR BRI 5 B 3 A% DR 0, 32 1 S (1 R /AN T A A Ay i 3 30 R O f
A%m@mqu' '/} -
sy 20z G S loo= G5: Ay, 072 Gy S
A (7)WL FLTE X5 A X @A, E AT A A X (4) AT KR 1 T hr 35 5 LA AL bR L= —A
P 5358, 1227 R 119 2 B R o 3 T B S A A T, 9 LR AT P4 40 BTk T KT b o SR g ) o A X
s
SR AR oS R (4) S FRIE 2 J7 2 AT SR T Cholesky 43 vk, RIV ke 0 I 3 il — A N = A0 B B L3 8 1) 3R 0L,
B L =AAYA by I = A 50 ), SR i R G = A B a0 A 7 Bl (R A 15, BT 40 301 SR A 5 FE AY=b, Au=Y, 75 21 J5 2
I IR u X TR SRR T 5,8 R 40 3 AN DRSS i B(E o il 5 AR AL 45 0 o i 5 504 4y
IR IS AH X d5e 22, 0 (A T B Bt 58 20> ) P 2% 0, AR S0 22 W o 0 S0 6 R 20 gt 1) 5 L, A DIV 5 1k 8
MrEH@ MiE Y. 4 MU ES RS 1 AR S) RS R0 BT — IG5 0 2 il 5 8l 53 i
SRJGINAT 8 YRR T 550 DR b, B b 255 10 b 482 ()bt 3 e (V12 vl Jed 520 FH iy 5 0 4 e £ T 0 b 2 11
VLA AD T UF S 18 T A R 2 3 1) 2 ).
32 QURHARHIRRE
oy SUHLAA R B A R TR AT LA Rl 1 A A B Rl 45 SR 1 SO AR B 459 380 FR o AL 5 (SRl & L AT A8 e, T 1
BB K PR L (1) S A R B DL AR AR AR TR, W) TG v R R SO AR B 1) T A M A 6T A AR TR R v R S AR b
WU ASAS S AR A IR K 7 LK 528 AR AR b A (1 SO AR e, 3 A i 28 37 & 2 AN Fu VR IR A I, AR SCAE 26 18 )L
AR Rl -Er P () B T 0K 5 o 5 iy 37 A0 7 SIS0 AR R 110 il DA RS S 905 IO A 1) SRR AL B A 2 BB B8 PR FF H
o X 1) 80 B AN o - i 3 3% 8k
U3 AR R AT T A A S B A B S B A A A AN A R b L AR B R e L 3 R L AT B AT DL
R AR, KRR ZESE, T A3 5 LA OB IR hr 35 B 0T A7 75 2 25 DI 0% 2R AR SCR R S 85040, BV SKR figd an 1
P 7 iy R
Au=0 (8)
Horpr A A 3R(2) 5 A2 (7) I SR 7 1757 u A IO S0 AR b b4 15 10 R B, 6K/ A |V < 2. F TE B A
B 3% B, 12 oz 5 7 197 7 2 P 300 S 4% A i D 95 T gt PR A5 0 S0 I A D) e T e Ak PR S0 T A A DR,
AN RBUEMES AR R385 AXQ2) 5 A7), M ICTH TR i 2% 5 508 BE, 7T R A 47
e TR B ) 3 5 R S A R AR A T 45 3 SR A AR
3.3 REILRRMISLIE
R R R0 5 R 24 S 84 A AR 3R A7 i, SEL T4 Al 30 ) DA A T s A7 A — — X 26 R, HL il i A 2R
I H AE YE B SCHR[9145 HE T 3 Bk I S s 438 v . S8yl 5wt BV 5 #6575, JF HAR 88 3 Fhomik



AR AR RN T 6 SRR AS RRE T R 3867

B N AT R AR I o R I 5 9 A i 5 320 A DI UKD 190 A% B A 22 AT RE A Jim S ) L AT A B SR B A i) AL o, A
SCHETHS 3 MU IR I R AR N TR R AR IR Y T BT I Delaunay = #4655 B UM /N i T 1
WAL T 125, A S0 i 320 0 Ak ) 4 A R
3.3.1 A IL S IR KX Y
YR IAAE L5 bR RS FRD i 3 839 D0y — A b P 10 2 1) i 2 DA 3 5 A T 68 I 56 3R H P 4 LA
R A PO 0F L T A (32X 32 AR B9 M —— 0 1] P A2 EL BT ); I 00 A 40 YA Fig 5 T 2 ) ) h 2 BE R 5% K 2
L WIRPR CRCIVE S SRS
o HIL KM BOX K SHUL B AL K LB L
o WA SE - AR BUKRE AN TR MR S B G AR AE Iy AR B B B AR BRI R IR TR SR
2 B b CUA T, DA 22 0 2 AR DA ok JO2 A 5 ) X422 e BT 6 RS AT 0 0 K P 2 RS FRD T AR DA o 1
i
LR TSk AR RS 5 T 20 F WA 55 F AR 0% 32 508 17 () 5037 K B 28 08K, S22 20 931
IR T M LR AR 7S NI AR, S0 g HE AR 735 5 300 b (R T, 22 Dy HE SR 7 4 N I T

B 58 S m

A . o Ty [
1 11 1 1 1l
1l [ noo ! 1
I [ ik 1 1
1 [ 1l 1 1l
Al [ 4 v v L4
B8 B8 T o 80

Fig.1 Illustration of the correspondence of merging boundary vertices
Bl 1 Rt 2 5 T s T sk of B 0K 2R 7 i

3.3.2 HEHILF XM R AL
AR I 75 A P 320 A D A K R AL IR A TR (R 2(2) BT 7R, FTREXT A SE 1K) LA Ak
ALY AR HSC AL 1R . Ay M, AR SCAE REAT WG i A DX S A T ) 18 P R AL

Fig.2 Comparison of the mesh before and after local mesh optimization
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Fig.3 Results of the vase model 1 before and after merging
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Fig.4 Merging result for a model with boundary perturbation
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Fig.6 Merging results for models with handles and multi-boundaries
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Fig.7 Comparison results of our method and geodesic-based Poisson method!®!
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Fig.8 Comparison results with our method and MVC-based method!*!!
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Fig.9 Result of merging rabbit ears with cattle model
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Fig.10 More merging results of various models
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Table 1 Comparison of the stretch errors between our method and the geodesic-based Poisson method!™

L AU FTR S TI0 2 F i R VR A R 2 HE AR

[EAEA S I K8 72 (A SCISCHR[9]) i /N ZE (R ST [9]) V¥R ZE (R SCISCHR[9])
1o 1 3.593/3.70e3 2.08/2.04 10.24/10.32
fii £ 5494.01/5492.99 2.00/2.00 34.50/34.70
igi W) 1.19e6/1.21e6 2.00/2.00 8.80/8.91
WAL R 4.81e5/4.75e5 2.00/2.00 28.26/28.48
PIuRTS 1.04e8/6.29e7 2.00/2.02 55.54/38.80
A 4.61e5/4.64e5 2.01/2.01 17.13/17.02
Tk 1.84e6/1.84e6 2.00/2.00 50.01/50.00
Zi| 8.49¢6/8.49¢6 2.01/2.02 1.17e5/1.17e5
2 1.08e6/1.08e6 2.00/2.00 62.63/63.07
e 1.72e6/1.72e6 2.00/2.00 14.29/14.30
g oy 4.28e5/4.28e5 2.00/2.00 15.92/15.95
H"E 4.06e3/3.31e3 2.01/2.01 83.03/83.27
®HL 4.02e3/4.52e3 2.00/2.00 22.22/21.77
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Fig.11 Texture mapping results of car model before and after mesh optimization
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Fig.12 Results of merging noses with different shapes to a human face
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Table 2 Running time of the two merging algorithms on different models (ms)
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A 44 B i Fxt JURT TR (A SC/SCHR[O]) RIS (A SC/SCHR[O]) WS4k
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16 2 <1 8/172 <1/168 5
TR AL R <1 9/104 <1/97 3
PISUIR TS <1 6/40 <1/36 2
A <1 184/2074 9/1897 8
#Z1k <1 210/2465 12/2098 9
b <1 5/37 <1/32 4
I <1 61/947 2/888 3
YA 1 170/2836 712669 1
% g <1 91/839 41752 3
bt <1 20/219 <1/199 5
K AL <1 12/85 <1/73 2
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