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Abstract: The relationship between the total template dependencies and the total join dependencies is probed 
into by means of abstract algebra. First, two equivalence relations are defined in the set of the total template 
dependencies and the set of the total join dependencies respectively. The equivalence relations regard the 
dependencies that function is the same as equivalent dependencies. Then, it is proved that two quotient sets under 
two equivalence relations constitute monoids respectively and there is an isomorphism mapping between the 
monoids, which shows that the class of the total join dependencies is essentially identical with the class of the total 
template dependencies. Finally, an interesting result about the total acyclic join dependencies is given. The relevant 
results will play active role in designing relational database schemes. 
Key words: template dependency; join dependency; implication problem; isomorphism; monoid 

One of the important issues in designing relational database schemes is the specification of the constraints that 
the data must satisfy to model correctly the part of the world under consideration. 

Of particular interest is the constraints called data dependencies. The first dependencies to be studied were the 
functional dependencies[1], which were followed by the multivalued dependencies and join dependencies[2~8]. Later, 
several types of dependencies were investigated in the literature. One of them is the template dependencies[9]. 

In this paper, we probe into the relationship between the total template dependencies and the total join 
dependencies by means of abstract algebra. At first, we give the equivalence relations ρ and σ in the set ST of the 
total template dependencies and the set SJ of the total join dependencies respectively. The equivalence relations 
regard the dependencies that function is the same as equivalent dependencies. Then, we prove that both the 
quotients ST/ρ and SJ/σ constitute monoids respectively and there is an isomorphism mapping between the monoids, 
which shows that the class of the total join dependencies is essentially identical with the class of the total template 
dependencies. Finally, an interesting result about the total acyclic join dependencies is given. 

1   Basic Concepts 

The set composed of all attributes is denoted U, which is a finite non-empty set containing different symbols. It 
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is often called universe and its non-empty subsets are attributes sets. 
We denote the domain of the attribute A by DOM(A). 
It is a convention in this paper that the domains of distinct attributes are assumed to be disjoint. This 

convention limits the dependency mentioned in this paper to the typed dependency. 
A Z-value is a mapping w:Z→DOM(Z), such that w(A)∈DOM(A) for all A∈Z. Particularly, a U-value is a tuple 

and the set of tuples is called relation. For a tuple w and a set Z⊆U, the restriction of w on Z is a Z-value, denoted 
w[Z]. Let I be a relation, then the projection of I on Z, denoted πz(I), is a Z-value set {w[Z]|w∈I}. We denote the set 
{w[A]|A∈U} by VAL(w) and the set ( )wVALIw∈∪  by VAL(I). 

Assuming that Ri⊆U, 1≤i≤l. We define the projection join of the relation I on R1,R2,…,Rn as 
[ ] ( ){ }liIRtt

iRi ≤≤∈ 1,π , denoted [ ]( )IRR n,,1 …
∗ . If [ ]( ) IIRR n =,,1

* … , it is said that I satisfies the join dependency 

. Particularly, if , I satisfies the total join dependency [ ]nRR ,,1 …
∗ URili =≤≤1∪ [ ]nRR ,,1 …

∗ , otherwise, I  

satisfies the embedded join dependency [ ]nR,R ,1 …
∗ . It is manifest that when 2=l , [ ]21 , RR∗  is the multivalued 

dependency 12 R−2 R121 RRRR −→∩  or 2112 RRRR −−→

( )
2R1R ∩ . 

( )( )Let h be the mapping defined on ADOMIw∈× . h is called valuation if )(ADOMADOMh ⊆

w
h (wh

 for all 

. The valuation  can be extended to tuples and relations as follows. Let  be a tuple; then the valuation 
 of  is still a tuple and it is the result of the composite mapping of  and  on U , denoted . The 

valuation  of relation 

UA∈
h

h
w w )

h I  is ( ) ( ){ }Iww ∈hIh = . 

A tableau is a pair uI , , where I  is a relation and  is a tuple. The operation result of tableau u uI ,  on 

the relation  is defined as J ( ) ( ){ }JIhuh ⊆ , denoted ( )JI ,u . Apparently, the tuple in the relation ( )JuI ,  is 

decided by the valuation  that satisfies . Generally, the number of the valuation  that satisfies 
 equals the number of tuples 

h ( ) JIh ⊆ h
( ) JIh ⊆ ( )uh  in ( )JuI , . If ( ) JJuI =, , we can say  satisfies the template 

dependency 

J

uI , . Particularly, if ( ) ( )IVALVAL u ⊆ ,  satisfies the total template dependency. J

2   Implication Problem 

 The implication problem for dependencies is to decide whether a given dependency is logically implied by a 
given set of dependencies. This problem is recursively unsolvable in general[10,11], and is solvable but 
computationally intractable if all template dependencies are total[10,11]. 

 For a set of dependencies  we denote by D ( )  the set of relations that satisfy all dependencies in . 
 implies a dependency , denoted 

DSAT D
D d dD =| , if ( ) ( )dSAT⊆

D
DSAT

d| d
. That is, if  is satisfied for every relation 

which satisfies all dependencies in . If  and 
d

D D = =| , we say that  is equivalent to , denoted 
. 

D d
d|=D |

 Assuming that uI ,

I∈ A

 is the total template dependency and v  is the tuple. We define  

, ,

[ ]( ) =Awh

[ ] [ ] [ ]
[ ] [ ] [ ]




≠
=

AuAwAw
AuAwAv

w U∈ . Then  is the valuation on h I  and  is denoted by )(Ih ( )vuI . 

( ) ( ) If =IVALvVAL ∩ ∅,  is apparently a one-to-one valuation on h I . 

 Let  be a relation and { luuI ,...,1= } vJ ,  be a total template dependency. Defining  ( ) ili JvJI ≤≤= 1, ∪

( ii uv ) , where , , iJ iv li ≤≤1  satisfies: I) for any li ≤≤1  there exists a one-to-one valuation  on  

such that , 

ih J

( )JhJ ii = ( )vhivi= . II) ∅, ( ) ( ) =IVALJVAL i ∩ li ≤≤1 ; ( ) ( )≠ji JVALJVAL ∩ ∅, ji ≠ . 
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Lemma 1. Let uI ,  and vJ ,  be total template dependencies. Then, for any relation K , we have 

( )( ) ( ) ( )KuvJIKvJuI ,,,, = [12]. 

Lemma 2. Let the total join dependency  and the total template dependency [ lRR ,...,1
∗ ] { } uuuuI l ,,...,, 1=  

have the relation [ ] [ ]{ }AuAuAR ii == , li ≤≤1 . Then, for any relation K , we have ( ) [ ]( )KRRKuI l,...,, 1
∗= [5]. 

 The following lemma is the key conclusion of the paper. 

Lemma 3. Let both [ ]lRR ,...,1
∗  and [ ]mSS ,...,1

∗  be join dependencies. Then we have [ ] [ ]{ }ml SSRR ,...,,,..., 11
∗∗  

. [ ]ml SR ∩mSRSR ∩∩ ,...,,...,| 111
∗=

Proof. Constructing total template dependencies uI , , vJ , , which satisfy , { }luuI ,...,1=

[ ] [ ]{ }AuAuAR ii == , li ≤≤1  and , { }mvvJ ,...,1= [ ] [ ]{ }BvBvBS jj == , mj ≤≤1 . 

We know from lemma 2 that for any relation K , ( ) [ ]( )KRRKuI l,...,, 1
∗=  and ( ) [ ]( )KSSKvJ m,,, 1 …

∗= . 

}If K satisfies the set [ ] [ ]{ ml SSRR ,...,,,..., 11
∗∗  of dependencies, apparently ( )( ) ( ) KKuIKvJuI == ,,, . 

Then from lemma 1 we have ( ) ( ) KKuvJI =,, . 
∗Constructing the join dependency [ ]nTT ,...,1

( )vJI
 that satisfies the condition that  is the attribute set in which 

 has the same value with the k-th tuple in  
kT

u , .
∗From lemma 2 we know that ( ) ( ) [ ]( )KTTKuvJI n,...,,, 1=  for any relation K . 

Let ( ) { miiiii vvuvJ ,...,1= } . Assuming that the k-th tuple in ( )vJI ,  is the j-th tuple in ( iii uvJ ) , i.e. 

[ ] [ ]{ }CuCvCT jik == . From the structure of ( iii uvJ )  we know that [ ] [ ]{ } [ ] [ ]{ }AuAuACuCvC ijik ====T  

( ) ( ){ }BuBvB iji =∩ [ ] [ ]{ } ( ) ( ){ } jiji SRBvBvBAuAuA ∩∩ ==== . 
∗So K  satisfies . [ ]mlm SRSRSR ∩∩∩ ,...,,..., 111

Because K  is arbitrarily taken, we get the conclusion of this lemma. 
Lemma 4. Let  and ∗  be total join dependencies. Then [ ]lRR ,...,1

∗ [ mSS ,...,1 ] [ ] [ ml SSRR ,...,|,..., 11
∗∗ = ]  iff for 

any  there exists li ≤≤1 mj ≤≤1  such that ji S⊆R [6]. 
∗ ∗Corollary. Let  be the total join dependency. If  we have  

. 

[ lRR ,...,1

[ ]lR
ji RR ⊆ [ ]liii RRRRR ,...,,,,..., 111 +−

ii RRR ,...,,,...,|| 111 +−
∗=

∗

]

Assuming that [ ]lRRJD ,...,11=  and , we denote [ mSSJD ,...,12
∗= ] [ ]mlm SRSRSR ∩∩∩ ,...,,..., 111

∗  by 
. 21 JDJD ∩

The following theorem is the main result of the paper. 
Theorem 1. Let  be the join dependencies. Then rJDJDJD ,...,, 21 { } rr JDJDJDJDJDJD ∩∩∩ ...||,...,, 2121 = . 

Proof.  We prove the conclusion by the method of induction. 
From lemma 3 and lemma 4, we directly get { } 2121 ||, JDJDJDJD ∩= .  
Let { } ,...||,..., 1111 −− = rr JDJDJDJD ∩∩ then { } { } 111111 ...||,...||,,..., −−− == rrrrr JDJDJDJDJDJDJDJD ∩∩∩∩  
. rJD∩

The above lemmas 1 and theorem 1 had respectively solved the implication problems of the total template 
dependencies and the total join dependencies. They are the foundation of our further discussion on the relationship 
between the template dependencies and the join dependencies. 

3   Template Dependencies and Join Dependencies 

 We denote the set of the total template dependencies by . TS

 Assuming that TSvJuI ∈,,, . We say uI ,  and vJ ,  satisfy the relation ρ , denoted vJuI ,, ρ , If 
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( ) ( )KvJKuI ,, =  for any relation K . 

ρ

ρ

vJ ,

)v ,0

D
M∈
ae D

ρ/

[ ID

 Apparently  is an equivalence relation on . Consequently we obtain the quotient set TS ρ/TS  by the 

equivalence relation ρ . In ρ/TS  the equivalence class containing uI ,  will be denoted by [ ]uI , . 

] [ ] For any [ /,,, TSvJuI ∈ , the product of [ ]uI ,  and [ ]vJ ,  is defined as [ ] [ ]vJuI ,, D  

( )[ ]uvJI ,,= . 

 Let [ ] [ ]vJuIuI ,,,, 0000 ∈∈ . Then ( )( ) ( )( )KvJuIKvJuI ,,,, 0000 =  for any relation K . Thus 

we have [ ] [ ] ([ ] ( )[ ] [ ] [ ]vJuIuvJIuJIvJuI ,,,,,,, 0000000 DD === , which means that the multiplication  
is well defined. 

D

Let M  be a nonempty set and  be a binary operation defined on M . We say M  constructs the monoid 
by the multiplication , If I) a  for any D bD Mba ∈, ; II) ( ) ( )cbaba DDD cD =  for any ; III) 
there exists , such that 

Mcba ∈,,
M∈e aa e ==D  for any Ma∈ . 

Theorem 2. The quotient set TS  constructs monoid by the multiplication . D
Proof.  From the definition of the total template dependency we know that ( ) KKww =,  for any relation 

K , where  is a tuple. So w [ ]  for any [ ] ρ/, TSuI ∈ , which means that 

[ ]ww,  is the unit element of ρ/TS .  

[ ] [

] [ ] [ ] [ ]uIwwuIuww ,,,,, == D

Assuming that [ ] ] ρ/,,,,, TSvJuItH ∈ . Then for any relation K , ( )( ) ( ) tHKtuvJIH ,,,, =  

( ) ( )( ) ( )( )( )KvJuItHKuvJI ,,,,, =  and ( )( ) ( ) ( ) ( )( ) ( )( )( )KvJuItHKvJtuIHKtvJuIH ,,,,,,,,, = = . 

Thus we have [ ] [ ] [ ]( ) [ ] [ ]( ) [ ]vJuItHvJuItH ,,,,,, DDDD =  which means that  satisfies the 

associativity. Consequently 

D
ρ/TS D

S
 constructs the monoid by . 

We denote the set of total join dependencies by , and then we similarly define an equivalence relation J σ  
on  and a binary operation JS •  on σ/JS  such that σ/JS  construct the monoid by . •

∗∗Let . If [ ] [ ] Jml SSSRR ∈∗∗ ,...,,,..., 11 [ ]( ) [ ]( )KSSKRR ml ,...,,..., 11 =  for any relation K , we say that 

 and  satisfy the relation [ ]lRR ,...,1
∗ [ ]mSS ,...,1

∗ σ , denoted [ ] [ ]mSS ,...,1lRR ,...,1
∗∗ σ . It is evident that σ  is an 

equivalence relation. 
In σ/JS  the equivalence class containing  will be denoted by [ lRR ,...,1

∗ ] [ ][ ]lRR ,...,1
∗ . 

[ ]]∗For any [ ][ ] [ ][ ] σ/,...,,,..., 11 Jml SSSRR ∈∗∗ , the product [ ][ ] [ ml SSRR ,...,,..., 11
∗ •  of [ ][ ]lRR ,...,1

∗  and 

[ ][ ]mSS ,...,1
∗  is defined as [ ][ ]ml SR ∩l SRSR ∩∩ ,...,,..., 111

∗ , where  means the intersection of attributes set 

 and . 
ji SR ∩

iR jS

σ/S ρ/STheorem 3. J  is isomorphic to T . 
∗Proof. If ( ) [ ]( )KRRKuI l,...,, 1=  for any relation K , we will define [ ]( ) [ ][ ]lRRuIf ,...,, 1

∗= . 

[ ]( )Assuming that [ ]( ) [ ][ ]lRRuIf ,...,, 1
∗=  and [ ][ ]mSSvJf ,...,, 1

∗= .  

If [ ][ ] [ ][ ]ml SSRR ,...,,..., 11
∗∗ ≠ , then there exists a relation K  such that [ ]( ) [ ]( )KSSKRR ml ,...,,..., 11

∗∗ ≠ . From the 

definition of  and lemma 2 we have f ( ) ( )KvJKuI ,, ≠ , and consequently [ ] [ ]vJuI ,, ≠ . 

fThus  is well defined.  

For any [ ][ ] σ/,...,1 Jl SRR ∈∗ , apparently there exists [ ] ρ/, TSuI ∈  such that  and { luuI ,...,1= }
[ ] [ ]{ }A liuAuAR ii == , ≤≤1 . Thus we have [ ]( ) [ ][ ]lRRuIf ,...,, 1

∗= . That means that  is a surjection. f

[ ]( ) [ ][ ]∗Let lRRuIf ,...,, 1=  and [ ]( ) [ ][ ]mSSvJf ,...,, 1
∗= . If [ ] [ ]vJuI ,, ≠ , there exists a relation K  such 

that ( ) ( )KvJKuI ,, ≠ . So [ ]( ) [ ]( )KSSKRR ml ,...,,..., 11
∗∗ ≠ . Consequently, [ ][ ] [ ][ ]ml SSRR ,...,,..., 11

∗∗ ≠ . That means 

that  is an injection. f

[ ][∗ [ ]( )Assuming that [ ]( ) ]lRRuIf ,...,, 1=  and [ ][ ]mSSvJf ,,, 1 …
∗= . From the proof procedure of lemma 3 
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we know that [ ] [ ]( ) ( )[ ]( ) [ ][ ] [ ][ ] [ ][ ]mlmll SSRRSRSRSRuvJIfvJuIf ,...,,...,,...,,...,,,,, 11111
∗∗∗ •=== ∩∩∩D  

[ ]( ) [ ]( )vJfuIf ,, •=

f

. 

URi ⊆ ≤1

 In conclusion,  is the isomorphic mapping between ρ/TS  and σ/JS . 

This conclusion shows that the class of total template dependencies is essentially identical to the class of total 
join dependencies. 

4   Discussion 

 We can further obtain the interesting result as follows by use of the algebraic properties of the total join 
dependencies. 

 Let , li ≤  and URili =≤≤1∪ . If the hypergraph taken U  as a vertex set and  as 

edges is an acyclic hypergraph, we say that 
lRRR ,...,, 21

[ ]lR,...,R1
∗  is a total acyclic join dependency. 

 Lemma 5. A total join dependency is a total acyclic iff the total join dependency is logically equivalent to a 
set of multivalued dependencies[13]. 

 From abstract algebra we know that all element taken shape [ ]21 , RR∗  in , namely the multivalued 

dependencies subset of , generates a submonoid of . Apparently a multivalued dependency is a total acyclic 

join dependency. Thus we have the conclusion as follows. 

JS

JS JS

 Theorem 4.  All total acyclic join dependencies in  constitute a proper submonoid of . JS JS

 The total acyclic join dependencies have many good properties[14]. These properties get attracting more and 
more researcher. Some properties had been applied to the design of database schemes. After all, it is a new 
exploration to investigate the properties of data dependencies by means of the abstract algebra. We hope that the 
method will be extended.  

 In fact, the above results can immediately play role in designing relational database schemes. 
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样本依赖与连接依赖的等价性 

李星野， 王书宁， 岳占峰 

(清华大学 自动化系,北京　 100084) 

摘要:  以抽象代数为工具,探索了全样本依赖与全连接依赖之间的关系.首先,分别在全样本依赖集和全连接依
赖集上建立等价关系,这两种等价关系都将作用相同的依赖视为等价依赖.然后证明了在这两个等价关系下的
商集分别构成么半群,并且这两个么半群是同构的.这就等于证明了全样本依赖类本质上等同于全连接依赖类.
最后给出了一个关于全无环连接依赖的有趣结果.有关结果可以在关系数据库的设计中发挥积极作用. 
关键词:  样本依赖;连接依赖;蕴含问题;同构;么半群 
中图法分类号: TP311      文献标识码: A 
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