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Abstract: The relationship between the total template dependencies and the total join dependencies is probed
into by means of abstract algebra. First, two equivalence relations are defined in the set of the total template
dependencies and the set of the total join dependencies respectively. The equivalence relations regard the
dependencies that function is the same as equivalent dependencies. Then, it is proved that two quotient sets under
two equivalence relations constitute monoids respectively and there is an isomorphism mapping between the
monoids, which shows that the class of the total join dependencies is essentially identical with the class of the total
template dependencies. Finally, an interesting result about the total acyclic join dependencies is given. The relevant
results will play active role in designing relational database schemes.

Key words: template dependency; join dependency; implication problem; isomorphism; monoid

One of the important issues in designing relational database schemes is the specification of the constraints that
the data must satisfy to model correctly the part of the world under consideration.

Of particular interest is the constraints called data dependencies. The first dependencies to be studied were the
functional dependencies™, which were followed by the multivalued dependencies and join dependencies®™®. Later,
several types of dependencies were investigated in the literature. One of them is the template dependencies'™.

In this paper, we probe into the relationship between the total template dependencies and the total join
dependencies by means of abstract algebra. At first, we give the equivalence relations p and o in the set Sy of the
total template dependencies and the set S; of the total join dependencies respectively. The equivalence relations
regard the dependencies that function is the same as equivalent dependencies. Then, we prove that both the
quotients S/ p and Sy o constitute monoids respectively and there is an isomorphism mapping between the monoids,
which shows that the class of the total join dependencies is essentially identical with the class of the total template
dependencies. Finally, an interesting result about the total acyclic join dependenciesis given.

1 Basic Concepts

The set composed of all attributes is denoted U, which is a finite non-empty set containing different symbols. It
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is often called universe and its non-empty subsets are attributes sets.

We denote the domain of the attribute A by DOM(A).

It is a convention in this paper that the domains of distinct attributes are assumed to be disjoint. This
convention limits the dependency mentioned in this paper to the typed dependency.

A Z-value is a mapping w:Z—>DOM(Z), such that w(A)eDOM(A) for all AcZ. Particularly, a U-valueis atuple
and the set of tuples is called relation. For a tuple w and a set ZcU, the restriction of w on Z is a Z-value, denoted
w[Z]. Let | be arelation, then the projection of | on Z, denoted (1), is a Z-value set {w[Z]|we|}. We denote the set
{W[A]|AcU} by VAL(w) and the set U, VAL(w) by VAL()).

Assuming that RcU, 1<i<l. We define the projection join of the relation I on Ry R,,....R, as
tt[R]exs (11<i<If, denoted “[R,,....RJ1).1f "[R,....RJ1)=1,itissaid that I satisfiesthe join dependency
‘[R....,R,]. Particularly, if U, R =U, | satisfies the total join dependency ‘[R,,...,R,]. otherwise, I
satisfies the embedded join dependency ‘[R.,...,R,]. It is manifest that when 1=2, ‘[R,R,] is the multivalued
dependency R NR, >R -R|R,-R or RNR, >R, ~-R|R -R,.

Let h be the mapping defined on x,., DOM(A). h is called valuation if h(DOM(A))c DOM (A) for dll
AeU . Thevauation h can be extended to tuples and relations as follows. Let w be a tuple; then the valuation
h of w isdtill atuple and it is the result of the composite mapping of w and h on U, denoted h(W). The

wel

valuation h of relation 1 is h(1)=fh(wwe}.

Atableauisapair (I,u),where | isarelationand u isatuple. The operation result of tableau (I,u) on
the relation J is defined as {h(ujh(1)< I}, denoted (1,u)(J). Apparently, the tuple in the relation (1,u)(d) is
decided by the valuation h that satisfies h(l)c J. Generaly, the number of the valuation h that satisfies
h(I)c J equals the number of tuples h(u) in (1,u)(J). If (1,u)(J)=J, wecansay J satisfies the template
dependency (I,u) . Particularly, if VAL(u)cVAL(1), J satisfiesthe total template dependency.

2 Implication Problem

The implication problem for dependencies is to decide whether a given dependency is logically implied by a
given set of dependencies. This problem is recursively unsolvable in general®™® and is solvable but
computationally intractable if all template dependencies are total**Y.

For a set of dependencies D we denote by SAT(D) the set of relations that satisfy all dependenciesin D .
D implies adependency d, denoted D|=d,if SAT(D)c SAT(d). Thatis, if d is satisfied for every relation
which satisfies all dependencies in D. If D|=d and d|=D, we say that D is equivalent to d, denoted
DHd.

Assuming that (I,u) is the total template dependency and v is the tuple. We define h(wA])=

{V[A] WAl =u[A

WAl W{A]iu[A],W€| ,AcU .Then h isthevaluationon | and h(l) isdenoted by 1(u/v).

If VAL(V)NVAL(1)=@, h isapparently aone-to-onevaluationon | .

Let | ={u,,.,u} be a relation and (J,v) be a total template dependency. Defining 1(J,v)=U. J;
(v/u), where J,, v;, 1<i<| satisfies I) for any 1<i<| there exists a one-to-one valuation h on J

suchthat J, =h(J), vi=h(v).ll) VAL(J;)NVAL(1)=2, 1<i<l; VAL(J,)NVAL(J, )= @, i=j.
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Lemma 1. Let (l,u) and (J,v) be total template dependencies. Then, for any relation K, we have

(LU)(3.V)(K))= (13, v)u)(K) B2,

Lemma 2. Let the total join dependency ‘[R,..,R] and the total template dependency (I,u) = ({u,..... },u)

Then from lemma 1 we have (1(J,v),u)(K)=K .

Constructing the join dependency *[Tl ..... Tn] that satisfies the condition that T, is the attribute set in which
u has the same value with the k-th tuple in 1(J,v).

Let J;(Vi/u)={V, ...V} . Assuming that the k-th tuple in 1(J,v) is the j-th tuple in J;(v/u), i.e

T, :{C|vji[C]:u[C]}. From the structure of J;(v;/u;) we know that T, :{C|vji [C]:u[C]}:{A{ui [A]=u[A]}
Nielvi (B)=u (B); = {Au [A]=u[AlN Bl (B)=V(B)=R Ns;.

So K satisfies ‘[RNS,...RNS,..RNS,].

Because K isarbitrarily taken, we get the conclusion of thislemma.

Lemma 4. Let ‘[R,..,R] and °[S,...,S,] be total join dependencies. Then ‘[R,..,R]'[S......S,] iff for
any 1<i<l| thereexists 1<j<m suchthat R S,

Corollary. Let “[R....R] be the total join dependency. If R c R, we have “[R,..,R,,R,R.1...R]

H' Rt Ro R R

Assuming that JD,="[R...R] and JD,="[S...S,] . we denote ‘[RNS...RNS,...RNS,] by
JD,NJD,.

The following theorem is the main result of the paper.

Theorem 1. Let JD,,JD,,...,JD, be the join dependencies. Then {JD,,JD,....,JD, }|=| ID,N ID,N...N D, .

Proof. We prove the conclusion by the method of induction.

From lemma 3 and lemma 4, we directly get {JD,,JD, }|=| JD, N D, .

Let {D,,..,dD, ,}EID,N..NJID, ,, then {ID,,...,ID, ,,JD, }}{ID,N...NID,,,ID, }|<|ID,N...N D, ,
NJD, .
The above lemmas 1 and theorem 1 had respectively solved the implication problems of the total template
dependencies and the total join dependencies. They are the foundation of our further discussion on the relationship
between the template dependencies and the join dependencies.

3 Template Dependencies and Join Dependencies

We denote the set of the total template dependenciesby S; .
Assuming that (I,u),(J,v)eS;. Wesay (I,u) and (J,v) satisfy therelation p, denoted (I,u)p(J,v), If
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(1L,u)(K)=(J,v)(K) for any relation K.

Apparently p is an equivalence relation on S;. Conseguently we obtain the quotient set S;/p by the
equivalencerelation p.In S;/p the equivalence class containing (I,u) will be denoted by [(Iu)]

For any [(1,u)l[(3,v)]es; 7o, the product of [(I,u)] and [(3,)] is defined as [(1,u)]o[(3,v)]

=[(1(3,v).u)].

Let (15,up) € [(1,U)}(35,v0) € [(3, v] Then (14,Uy)(J0,v0)(K))=(1,u)(3,W)(K)) for any relation K . Thus
we have [I u0 ]o[ ] [ (3o, Vo hu ] [ J v), ] [ ]o[(.] ] which means that the multiplication o
iswell defined.

Let M beanonempty set and o be abinary operation defined on M . Wesay M constructs the monoid
by the multiplication o, If 1) acbeM for any abeM ; Il) (acb)oc=ac(boc) for any ab,ceM; Il
thereexists ee M, suchthat ace=eca=a forany aeM.

Theorem 2. The quotient set S; /o constructs monoid by the multiplication o.

Proof. From the definition of the total template dependency we know that (w,w)(K)=K for any relation
K, where w isatuple. So [(w,w)]s [ ,u)]:[(l ,u)]o[(w,w)]:[<l u)] for any [(1,u)]e S/, which means that
[(W,W)] isthe unit element of S;/p.

Assuming that [(H,t)], (1, w3, v)]eS; 7p . Then for any relation K, (H(1(3,v)u)t)(K)=(H,t)
(130 u)(K))= (H.O(1,u)(3,V)(K))) and (H(1,u)3,v)t)(K)= (H(,u)t)(3,.v)(K))= (H.O(,u)(3,v)(K))).

Thus we have [(H,t)]o((1,u)]o[(3,v)]) = ((H.O)]o [(1.u))e[(3.v)] which means that o satisfies the
associativity. Consequently S;/p constructs the monoid by o .

We denote the set of total join dependencies by S, , and then we similarly define an eguivalence relation o
on S; andabinary operation ¢ on S;/o suchthat S;/o construct the monoid by e.

Let ‘[R,..R],’[SiSnleS, . IR RIK)E[Sh S, J(K) for any relation K , we say that

‘[R,...R] and °[S....S,] satisfy the relation o, denoted °‘[R,...R]o’[S......S,]. It is evident that & is an
equivalence relation.

R and S;.
Theorem 3. S, /o isisomorphicto S /p.

definition of f andlemma2we have (I, u)(K) (3, v)( ), and consequently [(1, u] [(3.v)].
Thus f iswell defined.
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we know e f({1u)lfav)=1(10M)=[[RNS..RNS..ROAS]=[ R R]e[ S,
= i0.w)e 1(o.9).

Inconclusion, f istheisomorphic mapping between S./p and S,/c.

This conclusion shows that the class of total template dependencies is essentially identical to the class of total
join dependencies.

4 Discussion

We can further obtain the interesting result as follows by use of the algebraic properties of the total join
dependencies.
Let RcU, 1<i<l and U, 4R =U. If the hypergraph taken U as a vertex set and R,R,,..,.R as

edgesis an acyclic hypergraph, we say that [R1 R] isatotal acyclic join dependency.
Lemma 5. A total join dependency is a total acyclic iff the total join dependency is logically equivalent to a
set of multivalued dependencies™?.

From abstract algebra we know that all element taken shape *[Rl,Rz] in S;, namely the multivalued

dependencies subset of S, , generates a submonoid of S, . Apparently a multivalued dependency is atotal acyclic

join dependency. Thus we have the conclusion as follows.
Theorem 4. All total acyclic join dependenciesin S, constitute a proper submonoid of S, .

The total acyclic join dependencies have many good properties*!l. These properties get attracting more and
more researcher. Some properties had been applied to the design of database schemes. After all, it is a new
exploration to investigate the properties of data dependencies by means of the abstract algebra. We hope that the
method will be extended.

In fact, the above results can immediately play rolein designing relational database schemes.
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* March 8, 2003 - Camera-ready due.
More information can be achieved at the homepage.
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